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Abstract
Our primary goal in this article is to study the Iwasawa theory for semi-
ordinary families of automorphic forms on GL2×ResK/QGL1, where K is an imag-
inary quadratic field where the prime p is inert. We prove divisibility results towards
Iwasawa main conjectures in this context, utilizing the optimized signed factor-
ization procedure for Perrin-Riou functionals and Beilinson–Flach elements for a
family of Rankin–Selberg products of p-ordinary forms with a fixed p-non-ordinary
modular form. The optimality enables an effective control on the µ-invariants of
Selmer groups and p-adic L-functions as the modular forms vary in families, which
is crucial for our patching argument to establish one divisibility in an Iwasawa main
conjecture in three variables.
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CHAPTER 1
Introduction
We fix forever a prime p ≥ 5. Let f ∈ Skf+2(Γ1(Nf ), εf ) be a cuspidal eigen-
form which is not of CM type, where the level Nf is coprime to p. We assume that
f admits a p-ordinary stabilization fα with Up-eigenvalue αf . We fix an imaginary
quadratic field K with discriminant DK which is coprime to Nf and where p re-
mains inert. We let c denote any lift of a generator of Gal(K/Q) to GQ. We also
fix a ray class character χ of K of order coprime to p (which we call the branch
character, following Hida) and of conductor coprime to DKNf (but not necessarily
to p). We assume that χ 6= χc; i.e. we do not treat the “Eisenstein” case.
Our eventual goal is to prove divisibility results on the main conjectures for
p-semi-ordinary families of automorphic motives on GL2 × ResK/QGL1
1. In more
explicit (but still very rough) terms, we will prove divisibilities in the Iwasawa Main
Conjectures for families of Rankin–Selberg convolutions fα×θ(χψ), where ψ varies
among algebraic Hecke characters of K with p-power conductor and θ(χψ) is the
theta-series of χψ. Our results in this article can be considered as a piece of evidence
towards the variational versions of Bloch–Kato conjectures for the relevant class of
motives.
There are many earlier results in this direction and we record several of these
which our present work extends.
1) Bertolini–Darmon in [BD05] studied the “definite” anticyclotomic Iwa-
sawa main conjectures for the base change f/K of a modular form f ∈
S2(Γ0(Nf )) toK, where the prime pmay split or remain inert inK/Q. The
family in question consists of the self-dual twists of the Rankin–Selberg
motives associated to f × θ(ψ) as ψ varies among Hecke characters of K
with p-power conductor.
2) The work of Chida and Hiseh [CH15] generalized the work of Bertolini–
Darmon eluded to above and studied the “definite” anticyclotomic Iwa-
sawa main conjectures for the base change to K of a modular form f ∈
Skf+2(Γ0(Nf )) of arbitrary even weight. In this work, the prime p may
split or remain inert in K/Q.
3) Howard [How04] obtained results towards Perrin-Riou’s Heegner point
(“indefinite” anticyclotomic) Main Conjecture for f ∈ S2(Γ0(Nf )), refin-
ing earlier results of Bertolini [Ber95]. Later in [How07], he initiated the
study of “indefinite” anticyclotomic Main Conjectures in ordinary families.
The nearly-ordinary family studied in op. cit. interpolates the self-dual
twists of the Rankin–Selberg motives associated to fα × θ(ψ) as ψ varies
among Hecke characters of K with p-power conductor and fα in a Hida
1In fact, we treat somewhat a more general class of semi-ordinary Rankin–Selberg convolu-
tions fα ⊗ gµ on GL2 ×GL2, where fα is above and gµ is a non-ordinary cuspidal eigenform.
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family. Works of Fouquet [Fou13] and the first named author [Büy14a]
take the big Heegner points introduced in [How07] as an input to ob-
tain results towards “indefinite” anticyclotomic Main Conjectures in the
multivariate setting of [How07]. In all these works, there is a priori no
restriction on the local behaviour of p in the extension K/Q. However,
one should note that these articles have consequences towards main con-
jectures without p-adic L-functions and one needs to assume further that
p is split in K/Q for statements that do involve p-adic L-functions.
4) Skinner–Urban [SU14] proved the Iwasawa Main Conjectures for the base
change f/K of a modular form f of any weight, along the Z
2
p-tower K∞
of K, assuming that the prime p splits in K/Q. Their work also allows a
treatment with variation of modular forms in families. The families the op.
cit. concerns with interpolate the Rankin–Selberg motives associated to
fα×θ(ψ) as ψ varies among Hecke characters ofK with p-power conductor
and fα in a Hida family. We note that the global root number for f/K is
assumed to be +1 in [SU14]; this property is constant in Hida families.
5) Castella–Wan [CW20] proved similar results assuming that the global
root number for f/K is −1, complementing [SU14] (again assuming that
the prime p splits in K/Q).
All the results 1)–5) above concern the case when χ = χc is abelian over Q.
In the “non-Eisenstein” cases, there also has been some progress, albeit somewhat
weaker than the case when χ = χc. We record these below, noting that all of them
require that the prime p is split in K/Q.
6) Under the hypothesis that χ is p-distinguished, Castella [Cas17] (when
kf = 0) and the present authors [BL18] (general kf ) proved results for
the family that consists of Rankin–Selberg motives associated to f×θ(χψ)
where ψ varies among Hecke characters of K with p-power conductor. In
these works, the authors descend to the anticyclotomic tower and treat
definite and indefinite cases simultaneously. In [BL20a], the present au-
thors relaxed the p-distinguished condition.
7) In some cases, the work of Wan [Wan20] complements the results of
[Cas17, BL18] to obtain a proof of Iwasawa Main Conjectures (up to
µ-invariants).
8) Castella and Hsieh in [CH18] have also obtained results towards Bloch–
Kato Conjectures for certain Rankin–Selberg motives f × θ(χψ) at the
central critical point, relying on Generalized Heegner cycles of Bertolini–
Darmon–Prasanna (without variations in families).
In this article, we prove results towards a variety of Iwasawa main conjectures
(with p-adic L-functions) in the setting when the prime p remains inert in K/Q,
where there has been very limited progress as compared to when p splits in K/Q:
To the best of our knowledge, the works of Bertolini–Darmon and Chida–Hsieh that
we have recalled in 1) and 2) are the only prior results in this direction (and they
concern the “definite” anticyclotomic Iwasawa theory in the scenario when χ = 1).
Before presenting our results in more precise form and reviewing our strategy,
we recall the role the hypotheses that p splits in K/Q has played in the works
we have recorded under the items 6) and 7), indicating how the approach therein
breaks down in its entirety in the absence of this hypothesis.
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When the prime p splits in K/Q and the Hecke character χ is p-distinguished,
one may attach to the Rankin–Selberg product f/K ⊗ χ a full-fledged Euler sys-
tem over all ray class extensions of K. This construction dwells on a “patching”
argument that was first introduced and employed in [LLZ15] when f has weight
2 and later extended in [BL18] to treat the case when f is of higher weight. The
hypotheses that p splits in K/Q and the Hecke character χ is p-distinguished are
required to identify the irreducible component of the eigencurve that contains the
p-ordinary stabilization of θ(χ). Moreover, this irreducible component necessarily
has CM by K thanks to the p-distinguished hypothesis, by a result of Bellaïche
and Dimitrov, which interpolates the p-ordinary p-stabilizations of the theta-series
of Hecke characters of K with p-power conductor.
When p is inert in K, the eigencurve cannot have components that have CM
by K; c.f. [CIT16, Corollary 3.6]. Morally, this is due to the fact that slope of
any non-ordinary CM form of weight k is at least (k − 1)/2, so the refinements of
the corresponding theta-series cannot be contained in a finite slope family. This is
the fundamental difficulty that one has to overcome in the setting of the present
article. We now explain (in very rough terms) how we circumvent this difficulty:
Step 1 Extending [BL20b, BLLV19], we introduce Perrin-Riou functionals, the
signed Coleman maps (in single cyclotomic variable) and signed Beilinson–
Flach elements associated to Rankin–Selberg convolutions of the form
fα ⊗ g, where fα has slope zero, whereas g ∈ Skg+2(Γ1(Ng), εg) is non-
ordinary at p with p ∤ Ng. We show that these constructions in fact
interpolate as fα varies in a Hida family f. Our results in this direction
are summarized in §1.3.1. These constructions allow us to prove one
divisibility in the Iwasawa–Greenberg main conjectures for fα ⊗ g as well
as f ⊗ g over the cyclotomic Zp-extension of Q (see Theorems 5.1.2 and
5.2.1 in the main body of the article).
Step 2 We apply our constructions in Step 1 with the particular choice when g
is the theta-series of a Hecke character ψ of our fixed imaginary quadratic
field K. Employing the locally restricted Euler system machinery, we first
prove results towards cyclotomic Iwasawa main conjectures. Moreover,
our constructions of the Perrin-Riou functionals and signed Beilinson–
Flach elements are integrally optimal and as such, they permit us to vary
fα in the Hida family f and to prove a result (Theorem 1.3.5 below) to-
wards two variable main conjectures (where one of the variables parame-
trize f and the other accounts for the cyclotomic variation) using a general
patching criterion we establish in Appendix A.
Step 3 We then vary ψ to prove Theorem 1.3.6, which is a result towards main
conjectures in three variables (where one of the variables parametrize f
and the other two the Z2p-extension of K). We once again rely on the
patching criterion we have noted in Step 2 and the integral optimality of
the signed objects from Step 1 also plays a crucial role in this portion.
We remark that our results towards Iwasawa main conjectures for fα ⊗ g
in Step 1 are restricted to the case where kf > kg. Consequently, for
a fixed fα, our results in Step 2 allow only the treatment of crystalline
Hecke characters of fixed tame conductor and whose infinity types belong
to a fixed finite set. Since there are only finitely many such characters,
this is not enough to obtain results on Iwasawa main conjectures over the
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Z2p-extension of K. This problem is overcome by varying fα in a Hida
family, which in turn permits us to vary ψ in an infinite family. This is
the main reason for our emphasis on the signed-splitting procedure for
Beilinson–Flach elements for Hida families.
Step 4 We use Nekovář’s (very general) descent formalism for his Selmer com-
plexes to descend our results on the Z2p-extension of K to the anticyclo-
tomic Zp-tower. This portion of our results is recorded as Theorem 1.3.7
(in the definite case) and Theorem 1.3.8 (in the indefinite case).
Before introducing the necessary notation to state our main results in §1.3, we
also note a separate thread of exciting progress in the Iwasawa theory over imagi-
nary quadratic fields where the prime p remains inert: Andreatta–Iovita in [AI20]
(also Kriz in [Kri20], using a different method) gave a construction of a Bertolini–
Darmon–Prasanna-style (anticyclotomic) p-adic L-function, which interpolates the
central critical values of the Rankin–Selberg L-functions L(f×θ(ψ), s) as the Hecke
character ψ varies. These p-adic L-functions are genuinely different from those we
work with in the present article, in that the p-adic L-functions of Andreatta–Iovita
and Kriz interpolate along those ψ where the (non-ordinary) theta-series θ(ψ) has
higher weight than f (as opposed to those we work with in the present article, which
concern the scenario where the p-ordinary form f has higher weight). At present,
we do not know how to formulate Iwasawa main conjectures for these p-adic L-
functions, due to the absence of an appropriate triangulation on local cohomology
at p (which, as above, has to do with the non-existence of CM families with positive
finite slope).
1.1. The setting
Throughout this article, we fix an odd prime p and embeddings ι∞ : Q →֒ C
and ιp : Q →֒ Cp. Let f and g be two normalized, cuspidal eigen-newforms, of
weights kf +2, kg+2, levels Nf , Ng, and nebentypes εf , ǫg respectively. We assume
p ∤ NfNg. In [BL18, BL20b], we have studied the Iwasawa theory for the Rankin–
Selberg product of f and a p-ordinary g (with respect to the embeddings we fixed)
as g varies in a CM Hida family.
In this article, we assume that f is ordinary at p and vary f in a Hida family
f, but g shall be non-ordinary at p. We give finer results than those given in
[BL18, BL20b]. We note that in [BL18], both f and g are assumed to be p-
ordinary. So, our results in the present article do not overlap with those in op. cit.
The results in [BL20b] resemble those here, but the difference is that in this paper,
the non-ordinary eigenform g is dominated2 by the members of the Hida family f.
Let L/Qp be a finite extension containing the coefficients of f and g, the NfNg-
th roots of unity as well as the roots of the Hecke polynomials of f and g at p. We
shall write αf , βf , αg and βg for these roots; we assume throughout that αf is
a p-adic unit and αg 6= βg. For h ∈ {f, g} and λ ∈ {α, β}, we write hλ for the
p-stabilization of h satisfying Uphλ = λhhλ. Let f denote the Hida family passing
through fα. The corresponding branch of the Hecke algebra is denoted by Λf.
2When we say that members of the family f dominates g, we mean that the p-adic L-function
(resp., the Selmer group) which we study here interpolates the critical values of the Rankin–
Selberg L-functions (resp., the Bloch–Kato Selmer groups) associated to f(κ)⊗g where the classical
specialization f(κ) has higher weight than g.
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For each h ∈ {f, g}, let Vh denote Deligne’s L-linear continuous cohomological
GQ-representation attached to h, so that its restriction to GQp has Hodge–Tate
weights 0 and −1 − kh (with the convention that the Hodge–Tate weight of the
cyclotomic character is 1). Let O denote the ring of integers of L. We fix a Galois-
stable O-lattice Rh inside Vh so that its linear dual R
∗
h = Hom(Rh,O) coincides
with the Galois representation realized in the cohomology of the the modular curve
Y1(Nh) with coefficients in the integral sheaf TSym
khHZp(1) (see [KLZ17, §2.3]
and Definition 2.1.1 below). We study the Iwasawa theory of Tf,g := R
∗
f ⊗ R
∗
g =
Hom(Rf ⊗Rg,O) over the cyclotomic tower Q(µp∞), as well as when f and g vary
in a Hida family and CM forms over a fixed imaginary quadratic field where p is
inert respectively.
1.2. Conjectures and Results
1.2.1. Main conjectures: The set up and statements. Let us fix once
and for all an imaginary quadratic field K where the prime p is inert. Let DK
denote its discriminant. We also fix a ray class character χ of K with conductor
dividing fp∞ (where we assume that f is coprime to pDK) and order coprime to p.
We will also work with an algebraic Hecke character ψ with infinity type (0, kg+1)
and conductor f, where kg is a positive integer. The character χ will be fixed
throughout (and will take on the role of a branch character, in the sense of Hida)
whereas ψ will be allowed to vary. For any ray class character η of K, we shall set
ηc := η ◦ c , where c is the generator of Gal(K/Q).
Let Γcyc = Gal(Q(µp∞)/Q) ∼= ∆ × Γ1, where ∆ ∼= Z/(p − 1)Z and Γ1 ∼= Zp.
Let K∞,Kcyc and Kac be the Z
2
p-extension, the cyclotomic Zp-extension and the
anticyclotomic Zp-extension of K respectively. We write ΓK = Gal(K∞/K), Γac =
Gal(Kac/K). We also identify Γ1 and Γcyc with Gal(Kcyc/K) and Gal(K(µp∞)/K)
respectively.
For any profinite abelian group group G, we let Λ(G) := Zp[[G]] denote the
completed group ring of G with coefficients in Zp. Weput ΛO(G) := Λ(G) ⊗Zp O.
We will mainly concern ourselves with the cases when G = ΓK ,Γcyc,Γ1 or Γac. Let
us denote by
Ψ : GK ։ ΓK
γ 7→γ−1
−−−−−→ ΓK →֒ ΛO(ΓK)
×
Ψ? : GK ։ Γ?
γ 7→γ−1
−−−−−→ Γ? →֒ ΛO(Γ1)
×
the tautological characters, where ? = 1, ac. We set χ := χΨ and similarly define
the ΛO(Γ1)-valued character χcyc := χΨ1 and the ΛO(Γac)-valued character χac :=
χΨac. We shall denote by ΛO(ΓK)
ι the free ΛO(ΓK)-module of rank one on which
GK acts via ΨK (and similarly, we define ΛO(Γ?)
ι for ? = 1, ac). More generally,
we put M ι := M ⊗ΛO(Γ?) ΛO(Γ?)
ι for any ΛO(Γ?)-module M on which GK acts.
Throughout, we also fix a branch f ∈ Λf[[q]] of a primitive non-CM Hida family
with tame conductor Nf and residually non-Eisenstein (in these sense that ρf is
absolutely irreducible) and p-distinguished (in the sense that ρ
f
is not scalar), where
Λf is an irreducible component of Hida’s universal ordinary Hecke algebra (see
Definition 1.5.1 for further details). We write κ0 for the prime ideal of Λf which
specializes f to f . We assume thatNf is coprime toDKNf. We denote by R
∗
f
Hida’s
GQ-representation attached to f, which is free of rank 2 over Λf. We will assume
without loss of generality that Λf contains O and put Λf(Γ?) := Λ(Γ?)⊗Zp Λf.
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For any χ and ψ as above, we define the GK-representations
T
cyc
f,ψ := R
∗
f ⊗ ψ ⊗̂ΛO(Γ1)
ι and T?f,χ := R
∗
f ⊗ χ ⊗̂ΛO(Γ?)
ι
where ? = K, ac. We let H˜2f (GK,Σ,T
cyc
f,ψ ; ∆Gr) denote the extended Greenberg
Selmer group attached to the representation Tcyc
f,ψ (c.f. Definition 5.3.2) and similarly
define H˜2f (GK,Σ,T
K
f,χ; ∆Gr). Finally, we let L
RS
p (f/K⊗ψ) denote the Rankin–Selberg
p-adic L-function given as in Definition 5.3.4.
We are finally ready to state the first of a series of three conjectures, which
concerns the cyclotomic Iwasawa theory of the family f⊗ ψ.
Conjecture 1.2.1. Suppose that ρ
f
is absolutely irreducible. Then,
LRSp (f/K ⊗ ψ) · Λf(Γ1)⊗Zp Qp = charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψ ; ∆Gr)
ι
)
⊗Zp Qp .
In Appendix B, we introduce the “semi-universal” Rankin–Selberg p-adic L-
function
LRSp (f/K ⊗ χ) ∈ Λf(ΓK)
in three variables, extending the work of Loeffler [Loe20] ever so slightly. With
that, we can state the second conjecture, which concerns the 3-parameter family
f⊗ χ:
Conjecture 1.2.2 (Main conjectures over Λf(ΓK)). Suppose χ is a ray class
character as above and assume that ρf is absolutely irreducible. Then
LRSp (f/K ⊗ χ) · Λf(ΓK)⊗Zp Qp = charΛf(ΓK)
(
H˜2f (GK,Σ,T
K
f,χ; ∆Gr)
ι
)
⊗Zp Qp .
To state our third conjecture, which concerns the anticyclotomic Iwasawa the-
ory of (families of) Rankin–Selberg products, we consider the restriction
L†p(f/K ⊗ χac) ∈ Λf(Γac)
of the twist L†p(f/K ⊗ χ) ∈ Λf(ΓK) of Loeffler’s p-adic L-function to the anticyclo-
tomic tower (c.f. Definition 5.3.13(ii)). We also denote by T†
f,χac
the central critical
twist of Tac
f,χ, which we introduce in Definition 5.3.13(i).
We assume in this portion that χ is a ring class character (so that χc = χ−1) and
that the nebentype character εf of the Hida family f is trivial. As it is customary
in the study of anticyclotomic Iwasawa theory, we shall write Nf = N
−N+, where
N+ (resp. N−) is a product of primes which are split (resp. inert) in K/Q.
We denote by ∂cyc L
†
p(f/K ⊗ χ) ∈ Λf(Γac) the restriction (to the anticyclotomic
tower) of the derivative of L†p(f/K ⊗ χ) in the cyclotomic direction (c.f. Defini-
tion 5.3.16). We set
r(f, χac) := rankΛf(Γac) H˜
2
f (GK,Σ,T
†
f,χac
; ∆Gr)
and call it the generic algebraic rank. Finally, we let Regf,χac ⊂ Λf(Γac) denote the
Λf(Γac)-adic regulator given as in Definition 5.3.14.
Conjecture 1.2.3 (Anticyclotomic Main conjectures). Suppose χ is a ring
class character and ρf is absolutely irreducible. Then,
L†p(f/K ⊗ χac) · Λf(Γac)⊗Zp Qp = charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
)
⊗Zp Qp .
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i) (Definite case) Suppose N− is a square-free product of odd number of primes.
Then L†p(f/K ⊗ χac) 6= 0; in particular, the Λf(Γac)-module H˜
2
f (GK,Σ,T
†
f,χac
; ∆Gr) is
torsion.
ii) (Indefinite case) Suppose N− is a square-free product of even number of primes.
Then L†p(f/K ⊗ χac) = 0 and
r(f, χac) = 1 = ordγ+−1 L
†
p(f/K ⊗ χ) .
Moreover,
∂cyc L
†
p(f/K ⊗ χ) · Λf(Γac) ⊗Zp Qp =
Regf,χac · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
tor
)
⊗Zp Qp .
Despite the wealth of results in the setting when p is split in K/Q, the evidence
for these conjectures when p is inert have been extremely scant and are limited
to the “definite” anticyclotomic Iwasawa theory of Rankin–Selberg products of the
form f/K⊗χ, where χ has finite order (c.f., [BD05, CH15]). As far as we are aware,
there are no previous results neither in the indefinite case when p remains inert,
nor results which allow variation in f , nor in the case when ψ has infinite order.
Our treatment in this article, which builds on fundamentally different techniques
from those utilized in op. cit., will hopefully shed some light to these cases of main
conjectures, which previously seemed inaccessible. We illustrate our results towards
these conjectures in Theorems 1.3.5 (cyclotomic case), 1.3.6 (3-variable case), 1.3.7
(definite anticyclotomic case) and 1.3.8 (indefinite anticyclotomic case) below.
1.3. A summary of our results
We will discuss our results in two parts: In §1.3.1, we summarize our results
concerning the (optimized) signed splitting of Beilinson–Flach elements and Perrin-
Riou maps. In the second part (§1.3.2), we illustrate applications of these results
towards Conjectures 1.2.1, 1.2.2 and 1.2.3.
1.3.1. Optimized Perrin-Riou maps and Beilinson–Flach elements for
semi-ordinary families. The first result we record in the introduction concerns
the construction of certain Perrin-Riou functionals, which are eigen-projections of
two-variate Perrin-Riou maps. For each choice of λ, µ ∈ {α, β}, we choose a ϕ-
eigenvector of Dcris(Tf,g) ⊗O L associated to the eigenvalue (λfµg)
−1. Given a
finite unramified extension F/Qp, we write
L
(λ,µ)
F,f,g : H
1
Iw(F (µp∞), Tf,g)→ Hordp(λfµg)(Γcyc)⊗ F
for the Perrin-Riou map onH1Iw(F (µp∞), Tf,g) projecting to the chosen ϕ-eigenvector.
We take additional care with the choices of our ϕ-eigenvectors to normalize
these functionals, which in turn allow us to keep track of the crucial integrality
properties of the functionals (with respect to the natural lattices inside the Galois
representations we work with). We also note that we are not directly working with
the affinoid-valued Perrin-Riou maps of [LZ16], but rather introduce Λf-adic maps
(as part of our proof of Theorem 2.3.10 below).
Theorem 1.3.1 (Theorem 2.3.10, optimized Perrin-Riou functionals for semi-or-
dinary families). For µ ∈ {α, β} and a finite unramified extension F/Qp, there exists
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a Λf(Γcyc)-morphism
LF,f,g,µ : H
1
Iw(F (µp∞), Tf,g) −→ Λf ⊗̂Hordp(µg)(Γcyc)⊗ F
whose specialization at κ0 equals, up to a p-adic unit,
1
λNf (f)
(
1− βfpαf
)(
1− βfαf
)L(α,µ)F,fα,g,
where L
(α,µ)
F,fα,g
is the p-stabilization of L
(α,µ)
F,f,g (see Definition 2.3.4 below) and λNf (f)
is the pseudo-eigenvalue of the Atkin–Lehner operator of level Nf (which is given
by the identity WNf f = λNf (f)f
∗).
We may then factorize these multivariate Perrin-Riou functionals into doubly-
signed Λf(Γcyc)-adic Coleman maps.
Theorem 1.3.2 (Theorem 2.4.7, optimized factorization of Perrin-Riou maps
for semi-ordinary families). Suppose that g satisfies either the Fontaine-Laffaille
condition p > kg + 1 or ap(g) = 0. There exist a logarithmic matrix
Q−1g Mg ∈M2×2(H(Γ1))
and a pair of Λf(Γcyc)-morphisms
ColF,f,g,#, ColF,f,g,♭ : H
1
Iw(F (µp∞), Tf,g) −→ Λf(Γcyc)⊗OF
that verify the factorizationLF,f,g,α
LF,f,g,β
 = Q−1g Mg
ColF,f,g,#
ColF,f,g,♭
 .
Note that in the case where ap(g) = 0, the matrix Q
−1
g Mg is essentially given
by Pollack’s half logarithms introduced in [Pol03], which is the reason why we
call Q−1g Mg a logarithmic matrix. Note that in the main body of the article, we
deal with the two hypotheses on g separately. In the case where ap(g) = 0, the
logarithmic matrix is denoted by Q−1g M
′
g instead of Q
−1
g Mg and the symbols #
and ♭ are replaced by + and − respectively. See also Proposition 2.4.6 for a variant
of Theorem 1.3.2, where we concern ourselves only with individual Rankin–Selberg
products. We further remark that the factorization result in Theorem 1.3.2 is akin
to that in [BL20b, Theorem 1.1], where a CM branch of a Hida family has played
the role of f.
We next turn our attention to distribution-valued (non-integral) Beilinson–
Flach elements, with the aim to produce their integral counterparts, so as to be
able to employ with them the Euler system argument. Perrin-Riou’s philosophy of
higher rank Euler systems leads one to predict that these (non-integral) Beilinson–
Flach elements also admit a signed factorization (c.f. the discussion in §3.2 which
concerns this point of view), to give rise to signed Beilinson–Flach elements with
better integrality properties. We verify this prediction in Theorem 1.3.3 below.
This result can be regarded as a refinement (and an extension of, in that it also
allows variation in families) of [BLLV19] in this semi-ordinary setting.
We further note that the non-integral Beilinson–Flach elements are not exactly
those constructed in [LZ16], but rather a slight variant as per the coefficients of
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the modules where they take values in (c.f. Definition 3.1.3 below). This slight
alteration is necessary in order to apply our signed factorization procedure.
Theorem 1.3.3 (Theorem 3.1.4, optimized factorization of Beilinson–Flach
elements for semi-ordinary families). Suppose that either p > kg + 1 or ap(g) = 0.
Let N be the set of positive square-free integers that are coprime to 6pNfNg. For
m ∈ N , there exists a pair of cohomology classes
BFf,g,#,m,BFf,g,♭,m ∈ ̟
−s(g)H1
(
Q(µm), R
∗
f
⊗R∗g⊗̂ΛO(Γcyc)
ι
)
such that BFf,g,α,m
BFf,g,β,m
 = Q−1g Mg
BFf,g,#,m
BFf,g,♭,m
 .
Here, s(g) is a natural number that depends on kg but is independent of m.
We can bound the exponent s(g) in the denominator of the Beilinson–Flach
elements uniformly for the family f and integers m ∈ N . This is crucial for our
purposes. We conjecture that the exponents s(g) in the statement of Theorem 1.3.3
are bounded independently of g. In Corollary 3.2.4 below, we verify this conjecture
granted the (conjectural) existence of a rank–2 Euler system (c.f. Conjecture 3.2.1),
whose existence is predicted by the Perrin-Riou philosophy; see [PR88, PR98].
We next study the p-local properties of the signed Beilinson–Flach elements and
prove that they form a locally restricted Euler system. We also analyze the images
of the Beilinson–Flach elements under the signed Coleman maps (which give rise to
what we shall call doubly-signed Rankin–Selberg p-adic L-functions), to compare
them to the Loeffler–Zerbes geometric p-adic L-functions. Thanks to the careful
choices of the normalizations concerning the eigen-projections of the multivariate
Perrin-Riou maps, this comparison we prove is sufficiently precise and allows us to
keep track of delicate integrality questions.
Theorem 1.3.4 (Proposition 3.3.5). Suppose that either p > kg +1 or ap(g) =
0. We have
ColQp,f,g,• ◦ locp(BFf,g,•,1) = 0.
Furthermore,
ColQp,f,g,# ◦ locp(BFf,g,♭,1) = −Colf,g,♭ ◦ locp(BFf,g,#,1) = Dgδkg+1L
geo
p (f, g),
where Lgeop (f, g) is the Loeffler–Zerbes geometric p-adic L-function introduced in
Definition 3.3.4, locp is the localization map at p, Dg is a unit in ΛO(Γ1) and
δkg+1 is some explicit elements in ΛO(Γ1) (see §1.5.1).
See also Remark 3.3.6 for a variant that concerns individual Rankin–Selberg
convolutions, but also covers more ground in that case.
1.3.2. Main conjectures: Results. We will now summarize the applications
of our constructions and results in §1.3.1 towards the Conjectures 1.2.1, 1.2.2 and
1.2.3 above.
Theorem 1.3.5 (Theorem 5.3.6, cyclotomic main conjectures for f/K ⊗ ψ).
Suppose that p ≥ 7 and SL2(Fp) ⊂ ρf(GQ(µp∞ )) as well as that kg 6= p − 1 and
p+ 1 ∤ kg + 1. Then,
̟s(ψ)LRSp (f/K ⊗ ψ) ∈ charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψ ; ∆Gr)
ι
)
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where s(ψ) = s(θ(ψ)) is given as in Theorem 1.3.3.
Theorem 1.3.5 is in fact the special case of a more general result we prove (The-
orem 5.2.1 below), where we pick g = θ(ψ) the theta-series of the Hecke character
ψ of our fixed imaginary quadratic field K. We also remark that Theorem 5.3.6
relies heavily on Appendix C, where we study the images of Galois representations
associated automorphic forms on GL2/Q × ResK/QGL1.
We deduce Theorem 5.2.1 from Theorem 5.1.2, which concerns individual (as
opposed to families of) Rankin–Selberg products f ⊗ g, via a patching criterion we
establish in Appendix A. This criterion rests on [Che43, Lemma 7] (which char-
acterizes the m-adic topology of complete local regular rings); we thank T. Ochiai
for bringing this lemma of Chevalley to our attention. Also crucial for our patch-
ing argument is to have a uniform control over the µ-invariants. This is achieved
through our optimized constructions of the signed Beilinson–Flach elements and
the optimized factorizations of Perrin-Riou functionals into signed Coleman maps
(which we have summarized in §1.3.1).
In order to prove Theorem 5.1.2, we utilize a locally restricted Euler system
argument. The input is the signed Beilinson–Flach classes we produce via Theo-
rem 1.3.3. Here, the adjective “locally restricted” refers to the p-local properties of
the signed Beilinson–Flach elements, c.f. Theorem 1.3.4. This argument a priori
yields bounds on the signed Selmer groups (c.f. Definition 4.1.1) in terms of signed
p-adic L-functions (c.f. Definition 3.3.7). It turns out that these signed Selmer
groups can be identified with the classical Greenberg Selmer groups (see Corol-
lary 4.1.6 below). Likewise, we compare the signed p-adic L-functions with the
Rankin–Selberg p-adic L-functions in Remark 3.3.8(ii). This explicit comparison is
also crucial for our patching argument.
The following is our main result towards the Iwasawa main conjectures over
Λf(ΓK) (Conjecture 1.2.2) for an imaginary quadratic field K where p remains
inert.
Theorem 1.3.6 (Theorem 5.3.11). Suppose χ is a ray class character as above
and assume that p ≥ 7 as well as that SL2(Fp) ⊂ ρf(GQ(µp∞ )). Assume also that
the uniform boundedness condition (Bdds(ψ)) on the variation of s(ψ) holds true.
We then have the following containment in the Iwasawa main conjecture for the
family f/K ⊗ χ of Rankin–Selberg products:
LRSp (f/K ⊗ χ) ∈ charΛf(ΓK)
(
H˜2f (GK,Σ,T
K
f,χ; ∆Gr)
ι
)
⊗Zp Qp .
As we have remarked in the paragraph following the statement of Theorem 3.1.4,
the condition on the growth of s(ψi) can be verified granted the existence of a rank-2
Euler system predicted by Conjecture 3.2.1.
We deduce Theorem 1.3.6 from Theorem 1.3.5 by varying ψ and using the
patching criterion (in Appendix A) eluded to above. We note that it is crucial
that we work with the Hida family f (as opposed to an individual eigenform f); see
Remark 5.3.8 where we discuss this technical point.
Let us assume in Theorems 1.3.7 and 1.3.8 below that the nebentype εf is
trivial and we put Nf = N
+N− as before, where N+ (resp. N−) is a product
of primes which are split (resp. inert) in K/Q. Utilizing the descent formalism of
[BL20a, §5.3.1] (which relies crucially on the work of Nekovář) applied together
with Theorem 1.3.6, we shall obtain divisibilities in both “definite” and “indefinite”
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anticyclotomic Iwasawa main conjectures (see Conjecture 1.2.3). We underline the
importance to work with Nekovář’s Selmer complexes (rather than classical Selmer
groups): Among other things, it allows us to by-pass any issues that may stem from
the potential existence of pseudo-null submodules of Selmer groups.
Theorem 1.3.7 (Theorem 5.3.15, anticyclotomic main conjectures in the “def-
inite” case). Suppose χ is a ring class character such that χ̂|GQ
p2
6= χ̂c|GQ
p2
and
N− is a square-free product of odd number of primes. Assume that the following
conditions hold true:
• p ≥ 7 and SL2(Fp) ⊂ ρf(GQ(µp∞ )).
• (Bdds(ψ)) is valid.
Then the Λf(Γac)-module H˜
2
f (GK,Σ,T
†
f,χac
; ∆Gr) is torsion and the following con-
tainment in the anticyclotomic Iwasawa main conjecture for the family f/K ⊗ χac
holds:
L†p(f/K ⊗ χac) ∈ charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
)
⊗Zp Qp .
Theorem 1.3.8 (Theorem 5.3.20, anticyclotomic main conjectures in the “in-
definite” case). Suppose χ is a ring class character such that χ̂|GQp
6= χ̂c|GQp
and
N− is a square-free product of even number of primes. Assume that the following
conditions hold true.
• p ≥ 7 and SL2(Fp) ⊂ ρf(GQ(µp∞ )).
• (Bdds(ψ)) is valid.
Then:
i) ord(γ+−1) L
†
p(f/K ⊗ χ) ≥ 1.
ii) The following containment (partial Λf(Γac)-adic BSD formula for the family f/K⊗
χac) is valid:
∂r(f,χac)cyc L
†
p(f/K ⊗ χ) ∈ Regf,χac · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
tor
)
⊗Zp Qp .
Remark 1.3.9. We show in Corollary 3.2.4 that the uniform boundedness con-
dition (Bdds(ψ)) on the variation of the exponents s(ψ) holds true granted the
existence of a rank-2 Euler system that the Perrin-Riou philosophy predicts.
In the situation of Theorem 1.3.8, note that Conjecture 1.2.3(ii) predicts in
addition that
ord(γ+−1) L
†
p(f/K ⊗ χ)
?
= 1
?
= r(f, χac) .
In the setting where the prime p splits in K/Q, the second expected equality follows
from [BL18, Theorem 3.15]. Still when the prime p splits in K/Q, one could also
utilize [BL18, Theorem 3.30] to show that the first expected equality holds if and
only if Reg
f,χac 6= 0.
Based on the recent work of Andreatta and Iovita [AI20], it seems very likely
that the inequality r(f, χac) ≥ 1 will be within reach very soon, see Remark 5.3.23 for
a detailed discussion concerning this point. Note that granted this lower bound on
the generic algebraic rank, the statement of Theorem 1.3.8(ii) can be recast in the
following form (c.f. Corollary 5.3.22), which is further in line with the Λf(Γac)-adic
Birch and Swinnerton-Dyer formula predicted by Conjecture 1.2.3(ii):
∂cyc L
†
p(f/K ⊗ χ) ∈ Regf,χac · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
tor
)
⊗Zp Qp .
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Still in the situation of Theorem 1.3.8, we note that a natural extension of
Hsieh’s generic non-vanishing result [Hsi14, Theorem C] combined with our results
in the present article yields the upper bound r(f, χac) ≤ 1 on the generic algebraic
rank. We explain this in details in Remark 5.3.24 below.
1.4. Layout
We begin our discussion in §2 with an analysis of the integrality properties of
the relevant Diuedonné modules (which, among other things, require to keep track
of Hida’s cohomological congruence numbers). This involves the determination of
their bases which are integral with respect to the natural lattices that arise when
we realize the Galois representations in question inside the étale cohomology of
modular curves. Such an analysis is inevitable since the integrality properties of the
Beilinson–Flach elements are relative to the same lattices, and since our methods
require a good control on the µ-invariants as our Galois representations vary in
p-adic families.
With the choice of an integral basis, we explain in §2.2 how to factor cyclotomic
one-variable Perrin-Riou functionals (which are the eigen-projections of the Perrin-
Riou map, normalized according to a good choice of an integral eigen-basis) to
signed Coleman maps. We use this input in §2.3 to do the same for the two-
variable Perrin-Riou functionals (With the second variable coming from a Hida
family), which interpolate those constructed in §2.2 in a precise manner. In §2.4,
we consider the special case when ap(g) = 0, which allows us to relax the Fontaine–
Laffaille condition on g. This alteration is crucial for scenarios where we would
like to allow variation in g. For our eventual goals towards Conjectures 1.2.2 and
1.2.3, we shall take g to be the theta-series of a Hecke character of the imaginary
quadratic field K where p remains inert (and vary this Hecke character); note that
ap(g) = 0 for such g.
In §3.1, we establish the analogous factorization results for the distribution-
valued (non-integral) Beilinson–Flach elements into signed Beilinson–Flach ele-
ments with better integral properties. In §3.3, we study the p-local properties
of the Beilinson–Flach elements (signed or otherwise) and recall their relation with
Rankin–Selberg p-adic L-functions.
We introduce the doubly-signed Selmer groups in §4.1, which naturally arise
when we employ the locally restricted Euler systemmachinery with signed Beilinson–
Flach elements, and we compare them to their classical counterparts (i.e., the
Greenberg Selmer groups). Note that we eventually (in Section 5.3.1) introduce
and work with yet another group of Selmer groups (i.e., Nekovář’s extended Selmer
groups), which have better base-change properties. In §4.2, we formulate signed
main conjectures (which are accessible via the locally restricted Euler system signed
Beilinson–Flach classes) and compare them to their classical variants (which are
amenable to p-adic variation). An important aspect in our comparison is the
integrally-optimal determination of the images of the Perrin-Riou functionals.
In §5.1 (resp., in §5.2), we discuss the consequences of our constructions in
§§2–3 towards the (cyclotomic) main conjectures for Rankin–Selberg convolutions
f ⊗ g (resp., for the family of Rankin–Selberg convolutions f ⊗ g). In §5.3 (more
particularly, in §5.3.1 and §5.3.2), we recast our results in §5.1 and §5.2 in the
special case when g = θ(ψ) is the theta-series of an algebraic Hecke character
ψ of the imaginary quadratic field K (where p remains inert), and in terms of
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Nekovář’s Selmer complexes. Relying on the main results of §5.3.2 (which concern
a fixed choice of ψ) and the patching criterion we establish in Appendix A, we
prove in §5.3.3 our main results towards the Λf(ΓK)-adic main conjectures in three
variables. In §§5.3.4–5.3.6, we descent to the anticyclotomic tower dwelling on the
general descent formalism Nekovář has established (see also [BL20a, §5.3.1] where
his results have been simplified to cover a limited scope of Galois representations
that we concern ourselves with). This concludes the main body of our article.
In the first of the three appendices (Appendix A), we prove a divisibility crite-
rion in regular rings, which plays a crucial role to patch our results for individual
Rankin–Selberg convolutions f ⊗ g to obtain results towards main conjectures in
three-variables. The criterion we prove is based on a lemma of Chevalley; we
thank Tadashi Ochiai for bringing this observation of Chevalley to our attention.
In Appendix B, we revisit Loeffler’s recent work [Loe20, §4] where he constructs
p-adic Rankin–Selberg L-functions. We extend it very slightly to cover the case
of minimally ramified universal deformations. This input is important even in the
formulation of Conjectures 1.2.2 and 1.2.3. In Appendix C, we study the images of
the Galois representations we are interested in. We record a number of sufficient
conditions to ensure the validity of the image-related hypotheses in our divisibility
results towards main conjectures.
1.5. Notation
We conclude our introduction with some further notation we shall rely on in
the main body of our article.
Definition 1.5.1 (The weight space and Hida’s universal Hecke algebra).
i) Let us put [ · ] : Z×p →֒ Λ(Z
×
p )
× for the natural injection. The universal weight
character κ is defined as the composite map
κ : GQ
χcyc
−→ Z×p →֒ Λ(Z
×
p )
×,
where χcyc is the p-adic cyclotomic character. A ring homomorphism
κ : Λwt := Λ(Z
×
p ) −→ O
is called an arithmetic specialization of weight k + 2 ∈ Z if the compositum
GQ
κ
−→ Λ×wt
κ
−→ O
agrees with χkcyc on an open subgroup of GQ.
ii) Given an eigenform f as above, let us define
Λ(Z×p )
(f) ∼= Λ(1 + pZp)
as the component that is determined by the weight kf +2, in the sense that the map
Λ(Z×p )
× 〈kf 〉−→ Zp factors through Λ(Z×p )
(f). Here, for a given integer k, we have
written 〈k〉 : Λ(Z×p ) → Zp to denote the group homomorphism induced from the
map [x] 7→ xk.
iii) We let f =
∑∞
n=1 an(f)q
n ∈ Λf[[q]] denote the (non-CM) branch of the primitive
Hida family of tame conductor Nf , which admits fα as a weight kf+2 specialization.
Here, Λf is the branch (i.e., the irreducible component) of the Hida’s universal
ordinary Hecke algebra determined by fα. It is finite flat over Λ(Z
×
p )
(f) and the
universal weight character κ restricts to a character (also denoted by κ)
κ : GQ −→ Λ
×
wt ։ Λ(Z
×
p )
(f),× −→ Λ×
f
.
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iv) We set Λf(Γ) := Λf ⊗̂ΛO(Γ) for any profinite group Γ.
1.5.1. Iwasawa algebras and distribution algebras. We fix a topological
generator γ of Γ1 and identify ΛO(Γcyc) and ΛO(Γ1) with the power series rings
O[∆][[X ]] and O[[X ]] respectively, where X = γ − 1.
We also consider ΛO(Γcyc) and ΛO(Γ1) as subrings of H(Γcyc) and H(Γ1) re-
spectively, which are the rings of power series F ∈ L[∆][[X ]] (respectively F ∈
L[[X ]]) which converge on the open unit disc |X | < 1 in Cp, where | | denotes the
p-adic norm on Cp normalized by |p| = p−1.
For any real number r ≥ 0, we write Hr(Γcyc) and Hr(Γ1) for the set of power
series F in H(Γcyc) and H(Γ1) respectively satisfying supt p
−tr‖F‖ρt < ∞, where
ρt = p
−1/pt−1(p−1) and ‖F‖ρt = sup|z|≤ρt |F (z)|. It is common to write F = O(log
r
p)
when F satisfies this condition.
For each integer n ≥ 0, we put ωn(X) := (1 +X)p
n
− 1. We set Φ0(X) = X ,
and Φn(X) = ωn(X)/ωn−1(X) for n ≥ 1. Let χcyc denote the p-adic cyclotomic
character.
We write Tw for the ring automorphism of H(Γcyc) defined by σ 7→ χcyc(σ)σ
for σ ∈ Γ. If we set u := χcyc(γ), then Tw maps X to u(1 +X)− 1. If m ≥ 1 is an
integer, we define
ωn,m(X) =
m−1∏
i=0
Tw−i (ωn(X)) ; Φn,m(X) =
m−1∏
i=0
Tw−i (Φn(X)) .
We let logp ∈ H(Γ1) denote the p-adic logarithm. We also define
logp,m =
m−1∏
i=0
Tw−i
(
logp
)
.
We also define Pollack’s half logarithms
log+p,m =
m−1∏
i=0
Tw−i
(
∞∏
m=1
Φ2m(X)
p
)
,
log−p,m =
m−1∏
i=0
Tw−i
(
∞∏
m=1
Φ2m−1(X)
p
)
.
Finally, we set
δm =
m−1∏
i=0
Tw−iX.
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CHAPTER 2
Construction of the optimized Coleman maps
Throughout this chapter, we fix a pair of eigenforms f and g as in the intro-
duction. Our goal in this chapter is to define the appropriate Coleman maps for
Tf,g. These maps will be used to formulate Iwasawa main conjectures later on.
We will slightly alter the construction of Coleman maps in [BLLV19] where the
Rankin–Selberg products of two non-ordinary forms were studied. We will show
that two of these Coleman families behave well as f varies in a Hida family, giving
rise to Λf(Γcyc)-adic Coleman maps, which in turn allow us to formulate (two-
variable) signed Iwasawa main conjectures which also incorporates variation in the
Hida families.
We begin our discussion by fixing some notation.
2.1. Dieudonné modules and ϕ-eigenvectors
Definition 2.1.1.
i) Let us identify MdR(h)⊗Z Zp with Dcris(Vh) via the comparison isomorphism for
each h ∈ {f, g}, where MdR(h) is the de Rham realization of the Scholl motive
associated to h.
We recall (following the notation of [KLZ17, §2.8]) that Vh denotes the h-
isotypic subspace of H1ét(Y1(Nf )Q, Sym
k(H ∨Zp))⊗Zp L, whereas V
∗
h is the h-isotypic
quotient of H1ét(Y1(Nf )Q,Tsym
k(HZp)(1)) ⊗Zp L and contains the natural lattice
R∗h, which is generated by the image of H
1
ét(Y1(Nf )Q,Tsym
k(HZp)(1))⊗Zp O. We
let Rh⋆ ⊂ Vh⋆ denote the lattice that maps isomorphically to R
∗
h(−1 − kh) under
the isomorphism Vh⋆
∼
−→ V ∗h (−1− kh).
We write ωh ∈ Fil
1 Dcris(Vh) to be the basis vector as defined in [KLZ20, §6.1]
and write ωh⋆ ∈ Fil
1 Dcris(Vh⋆) for the corresponding element for the conjugate form
h⋆, (denoted by h∗ in Definition 6.1.2 in op. cit.), which we regard as an element
of Fil0 Dcris(V
∗
h ) via the natural isomorphism Vh⋆
∼
−→ V ∗h (−1− kh).
ii) For h as in (i) and λ ∈ {α, β}, we choose vh,λ ∈ Dcris(Vh) to be the ϕ-eigenvector
of Dcris(Vh) with eigenvalue λh given by
vh,λ :=
1
〈ϕ(ωh), ωh⋆〉
(ϕ(ωh)− λ
′
hωh),
where λ′ is the unique element of {α, β} \ {λ} and
〈−,−〉 : Dcris(Vh)⊗ Dcris(Vh⋆) −→ L
denotes the natural pairing.
iii) We define {v∗h,α, v
∗
h,β} to be the dual basis of {vh,α, vh,β}.
iv) Given a pair λ, µ ∈ {α, β}, we set vλ,µ := v∗f,λ ⊗ v
∗
g,µ.
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Remark 2.1.2. A direct computation using the fact that
〈ωh, ωh⋆〉 = 〈ϕ(ωh), ϕ(ωh⋆)〉 = 0
and the duality 〈ϕ(ωh), ωh⋆〉 = 〈ωh, ϕ−1(ωh⋆)〉 shows that
v∗h,λ =
λh
λh − λ′h
(ωh⋆ − λ
′
hϕ(ωh⋆)) ∈ Dcris(V
∗
h )
where we identified Dcris(Vh⋆) with Dcris(V
∗
h ) via the isomorphism in Definition 2.1.1(i)
and trough the choice of a basis ǫ = {ζpn}n of Zp(1).
For a finite unramified extension F of Qp, we have a Perrin-Riou map
LF,f,g : H
1
Iw(F (µp∞), T )→ Hkf+kg+2(Γcyc)⊗Zp Dcris(T )⊗Zp F
as defined in [LLZ11, §3.1] and [LZ14, Appendix B]. For any λ, µ ∈ {α, β}, our
choice of ϕ-eigenvectors in Definition 2.1.1 gives rise to a map
(2.1) L
(λ,µ)
F,f,g : H
1
Iw(F (µp∞), T )→ Hordp(λfµg)(Γcyc)⊗Zp F
on projecting LF,f,g to the (λfµg)−1-eigenvector vλ,µ ∈ Dcris(T ) ⊗Zp Qp. When
F = Qp, we omit F from the notation and simply write Lf,g and L
(λ,µ)
f,g in place of
LQp,f,g and L
(λ,µ)
Qp,f,g
, respectively.
2.2. Factorization of one-variable Perrin-Riou maps
In [BLLV19, §4], under the hypothesis that both f and g are non-ordinary
at p, we have constructed a logarithmic matrix attached an O-basis B = {vi :
i = 1, . . . 4} of Dcris(Tf,g), where we recall that Tf,g = R∗f ⊗ R
∗
g, using the theory
of Wach modules. This matrix is in turn used to define the bounded Coleman
maps in the context of op. cit. We explain here that one may still carry out a
similar construction even when f is ordinary at p. The main ingredient in the
construction of the logarithmic matrix in loc. cit. is Berger’s result [Ber04, proof
of Proposition V.2.3], which allows one to lift a basis of Dcris(Tf,g) to an A
+
L -basis
of the Wach module N(Tf,g) (where we recall briefly that A
+
L = O[[π]], which is
equipped with an O-linear actions by ϕ and Γ given by ϕ(π) = (1 + π)p − 1 and
σ · π = (1 + π)χ(σ) − 1) for σ ∈ Γ). Berger’s result applies whenever the following
thee conditions hold:
(FLf,g) Tf,g verifies the Fontaine–Laffaille condition p > kf + kg + 2;
(Slo) The slope of ϕ on Dcris(Tf,g) does not attain −kf − kg +1 and 0 simulta-
neously;
(Fil) The basis B of Dcris(Tf,g) is a filtered basis, in the sense that it gives rise
to bases for the graded pieces of Dcris(Tf,g).
Remark 2.2.1. We have chosen in [BLLV19, §4.1] the basis
{ωf⋆ ⊗ ωg⋆ , ϕ(ωf⋆)⊗ ωg⋆ , ωf⋆ ⊗ ϕ(ωg⋆), ϕ(ωf⋆)⊗ ϕ(ωg⋆)} ,
which verifies the hypothesis (Fil) under the assumption that kf ≤ kg. We note
that there is a typo in the labelling of v2 and v3 in [BLLV19]. There is another
typo in the formula of the matrix of ϕ on Dcris(T
∗
h ) (labelled Ah in loc. cit.), where
ǫh(p) should have been ǫh(p)
−1. The formula for A0 and Q should also be altered
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accordingly. These typos do not affect subsequent calculations. For completeness,
the correct formula for A0 reads
A0 =

0 0 0 (εf (p)ǫg(p))
−1
0 0 ǫg(p)
−1 −ǫg(p)−1ap(f)
0 −εf (p)−1 0 −εf(p)−1ap(g)
1 ap(f) ag(f) ap(f)ap(g)
 .
When kf ≥ kg, we may swap the ordering of ϕ(ωf⋆)⊗ωg⋆ and ωf⋆ ⊗ϕ(ωg⋆). This
then gives a basis satisfying the condition (Fil).
In our current setting, the fact that g is non-ordinary at p ensures that (Slo)
holds even when f is p-ordinary. Therefore, granted the Fontaine–Laffaille condition
(FLf,g), we are left to determine a basis of Dcris(Tf,g) that verifies the condition
(Fil) in order to apply Berger’s result. We recall from [LLZ17, Lemma 3.1] that the
non-ordinarity of g at p implies that ωg⋆ and ϕ(ωg⋆) form an O-basis of Dcris(R∗g).
We now study an O-basis of Dcris(R∗f ) under the following hypothesis:
(Θ) f is not θ-critical.
Remark 2.2.2. In more precise terms, the condition (Θ) requires that the non-
ordinary p-stabilization fβ of f does not fall in the image of Coleman’s operator
θkf : S
†
−kf
(Γ1(Np)) → S
†
kf+2
(Γ1(Np)) on the space of overconvergent cusp forms,
which is given by (q ddq )
kf+1 on q-expansions.
A deep result of Breuil and Emerton [BE10, Theorem 1.1.3] shows that the
hypothesis (Θ) is equivalent to the requirement that the GQp-restriction of R
∗
f is
not decomposable. It is expected that (Θ) holds whenever f does not have complex
multiplication; this is known only when kf = 0 and the Hecke field of f equals Q;
see [Eme04, Theorem 1.3].
We conclude our remark recalling a result due to Ghate and Vatsal [GV04]
which concerns the validity of (Θ) in a non-CM Hida family f. Under mild hy-
potheses3, [GV04, Theorem 2] shows that (Θ) is valid for all but finitely many
specializations of f.
Proposition 2.2.3. Set ηf⋆ := α
−1
f ωf⋆ − ϕ(ωf⋆). Then {ωf⋆ , ηf⋆} is an O-
basis of Dcris(R
∗
f ).
Proof. By [LZ13, Corollary 5.8], there exists a GQp -stable lattice R
◦ in R∗f ⊗
Qp such that the Wach module N(R
◦) admits an A+L -basis {n1, n2}, with respect to
which the matrix of ϕ is given by α−1f 0
πkf+1xf
(
π
ϕ(π)
)kf+1
εf (p)
−1αf
 ,
where xf ∈ A
+
L satisfies t
kf+1xf = kf ! + O(t
kf+2) (note that we have swapped n1
and n2 as compared to the notation in loc. cit.). Recall from [Ber04, Théorème III.4.4]
that the Wach module is equipped with a filtration. Furthermore, N(R◦)/π is nat-
urally isomorphic to the filtered ϕ-module Dcris(R
◦). Let us write νi ∈ Dcris(R
◦)
3The hypotheses are that the residual representation ρf be absolutely irreducible as a repre-
sentation of GQ(√p∗) and that it is p-distinguished. We note that we readily assume the latter in
the portions of our article that concerns families. The irreducibility condition holds as well under
(Full), which we often require in applications.
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for the image of ni under this isomorphism. Then, ν1 generates Fil
0 Dcris(R
◦) and
the matrix of ϕ with respect to the basis {ν1, ν2} is(
α−1f 0
kf ! β
−1
f
)
.
Note in particular that ν2 is a ϕ-eigenvector with eigenvalue β
−1
f and ϕ(ν1) =
α−1f ν1 + kf ! ν2. We deduce that
ν2 =
1
kf !
(α−1f ν1 − ϕ(ν1)).
Under the running hypotheses (FLf,g), kf ! is a p-adic unit. We therefore conclude
that ν1 and α
−1
f ν1 − ϕ(ν1) form an O-basis of Dcris(R
◦).
The hypothesis (Θ) implies that GQp -stable lattices contained in R
∗
f ⊗ Qp are
unique up to homothety. In particular, R∗f = cR
◦ for some c ∈ L. Thus, Dcris(R∗f ) =
cDcris(R
◦). Moreover, since {ωf} and {ν1} are an O-basis of Fil
0
Dcris(R
∗
f ) and
Fil0 Dcris(R
◦) respectively, we may identify ωf⋆ with cν1 (after multiplying either
ωf⋆ or ν1 by a p-adic unit, if necessary). The result follows. 
Corollary 2.2.4. The O-module Dcris(Rf ) admits {vf,α, ωf} as an O-basis,
where vf,α is given as in Definition 2.1.1(ii).
Proof. If we replace f by f∗ in Proposition 2.2.3 and identify Rf withR
∗
f⋆(−kf−
1), we see that there exists an ϕ-eigenvector v0 ∈ Dcris(Rf ) with ϕ(v0) = αfv0 such
that {ωf , v0} is an O-basis of Dcris(Rf ). Since ωf⋆ is an O-basis of the direct
summand Fil0 Dcris(R
∗
f ) of Dcris(R
∗
f ), we have 〈v0, ωf⋆〉 ∈ O
×. It follows from the
definition of vf,α that 〈vf,α, ωf⋆〉 = 1. As both v0 and vf,α lie in the same ϕ-
eigenspace, which is one-dimensional, we necessarily have v0 = 〈v0, ωf⋆〉vf,α. Since
〈v0, ωf⋆〉 ∈ O× and {ωf , v0} = {ωf , 〈v0, ωf⋆〉vf,α} is an O-basis of Dcris(Rf ), we
have proved our claim. 
Let Cf denote the cohomological congruence number associated to the eigen-
form f (c.f. [Hid81, (0.3)] for its definition; see also [DDT94, Corollary 4.19] for
an elaboration in the particular case kf = 0).
Corollary 2.2.5. Let η′f ∈ Dcris(Vf )/Fil
1 be the unique vector that verifies
(2.2) 〈η′f , ωf⋆〉Y1(Nf ) = G(ε
−1
f ),
where 〈−,−〉Y1(Nf ) is a pairing induced by Poincaré duality (see the discussion in
[KLZ20] just before the statement of Proposition 6.1.3) and G(ε−1f ) denotes the
Gauss sum for ε−1f . Then,
vf,α ≡ Cfη
′
f mod Fil
1 Dcris(Vh)
up to p-adic units.
Proof. In terms of the O-basis {vf,α, ωf} of Dcris(Rf ) (c.f. Corollary 2.2.4),
Cf is given (up to a p-adic unit) via the chain of identities
〈vf,α, ωf⋆〉Y1(Nf ) · O = 〈vf,α,WNfωf〉Y1(Nf ) · O
= Cf · O ,(2.3)
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whereWNf is the Atkin–Lehner operator and the first equality holds since WNf f =
λNf f
∗ and the Atkin–Lehner pseudo-eigenvalue λNf is a p-adic unit, whereas the
second equality is one of the definitions of the cohomological congruence number
Cf . Note that G(ε
−1
f ) is a p-adic unit since p does not divide the conductor of ε
−1
f .
Combining (2.2) and (2.3), the result follows. 
Remark 2.2.6. Note that the basis {ωf⋆ , ηf⋆} is a basis of Dcris(R∗f ) that gives
rise to bases of the graded pieces of Dcris(R
∗
f ). Furthermore, ϕ(ηf⋆) = β
−1
f ηf⋆ . In
particular, the matrix of ϕ with respect to this basis is given by
Af =
(
α−1f 0
−1 β−1f
)
= Af,0
(
1
1/pkf+1
)
,
where Af,0 =
(
α−1f 0
−1 pkf+1β−1f
)
∈ GL2(O).
Definition 2.2.7. We let {v1, v2, v3, v4} ⊂ Dcris(Tf,g) denote the O-basis given
by
v1 = ωf⋆ ⊗ ωg⋆ , v2 = ωf⋆ ⊗ ϕ(ωg⋆) v3 = ηf⋆ ⊗ ωg⋆ , v4 = ηf⋆ ⊗ ϕ(ωg⋆).
Note that if kg ≤ kf , this basis satisfies (Fil); otherwise, the basis {v1, v3, v2, v4}
does.
Definition 2.2.8.
i) Suppose kg ≤ kf . We let {n1, n2, n3, n4} denote the basis of the Wach-module
N(Tf,g) given by [Ber04, Proof of Proposition V.2.3], that lifts the ordered basis
{v1, v2, v3, v4} of Dcris(Tf,g).
ii) Suppose kg > kf . We similarly define {n1, n2, n3, n4} as the ordered basis of
N(Tf,g) lifting the ordered basis {v1, v3, v2, v4} of Dcris(Tf,g).
iii) Set q := ϕ(π)/π ∈ A+L and ξ = p/(q − π
p−1) ∈ (A+L )
×.
Lemma 2.2.9. Let Af,g,0 ∈ GL4(O) so that the matrix Af,g of ϕ|Dcris(Tf,g) with
respect to the ordered basis {v1, v2, v3, v4} verifies
Af,g = Af,g,0 ·

1
1/pkg+1
1/pkf+1
1/pkf+kg+2
 .
Then the matrix of ϕ|N(Tf,g ) with respect to the ordered basis {n1, n2, n3, n4} is given
by
Pf,g = Af,g,0 ·

ξkf+kg+2
ξkf+1/qkg+1
ξkg+1/qkf+1
1/qkf+kg+2
 .
Proof. We note that [Ber04, Proposition V.2.3] applies to the representation
Tf,g(−kf − kg − 2). We have the identifications
N(Tf,g)
× πkf+kg+2
−−−−−−−−→ N(Tf,g(−kf − kg − 2)),
Dcris(Tf,g)
× tkf+kg+2
−−−−−−−→ Dcris(Tf,g(−kf − kg − 2)),
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where t = log(1 + π). Let us put n′i = π
kf+kg+2 · ni and v′i = t
kf+kg+2 · vi for
i = 1, . . . , 4. The matrix of ϕ|Dcris(Tf,g(−kf−kg−2)) with respect to {v
′
i}
4
i=1 equals
Af,g,0 ·

pkf+kg+2
pkf+1
pkg+1
1
 ,
then matrix of ϕ|N(Tf,g (−kf−kg−2)) with respect to {n
′
i}
4
i=1 is given by
Af,g,0 ·

(ξq)kf+kg+2
(ξq)kf+1
(ξq)kg+1
1
 .
We then obtain the matrix of ϕ|N(Tf,g) with respect to the basis {ni}
4
i=1 using the
identity ϕ(π) = qπ. 
Definition 2.2.10. We write Mf,g for the resulting logarithmic matrix with
respect to the basis {n1, n2, n3, n4}, defined as in [BLLV19, §4.2]. In more explicit
terms,
Mf,g := m
−1
(
(1 + π)Aηf⋆ ,gϕ(M)
)
∈Mat4×4(Hkf+kg+1(Γ1)),
where M is the change of basis matrix as given in (4.2.2) of op. cit. and m is the
Mellin transform.
Concretely, Mf,g is the change of basis matrix satisfying(
(1 + π)ϕ(n1) (1 + π)ϕ(n2) (1 + π)ϕ(n3) (1 + π)ϕ(n4)
)
=
(
v1 v2 v3 v4
)
Mf,g.
Definition 2.2.11. Let Ag be the matrix of ϕ with respect to the basis {ωg⋆ , ϕ(ωg⋆)},
which we factor as
Ag = Ag,0
(
1
1/pkg+1
)
,
where Ag,0 ∈ GL2(O). We write Mg ∈ Mat2×2(Hkg+1,1) for the resulting 2 × 2
logarithmic matrix, given as in [BL20b, §2] (note that we may define such a matrix
as long as p > kg + 1).
We now describe the relation between the logarithmic matrices Mf,g and Mg.
Proposition 2.2.12. There exist elements uf ∈ ΛO(Γ1)× and ℓf ∈ Hkf+1(Γ1)
such that
Mf,g =
(
ufMg 0
∗ ℓfTwkf+1Mg
)
.
Moreover, ℓf =
logp,kf+1
δkf+1
up to multiplication by a unit of ΛO(Γ1).
Proof. Thanks to the choice of the basis {v1, v2, v3, v4}, the matrix Af,g is of
the form
(
α−1f Ag 0
−Ag β
−1
f Ag
)
. Consequently,
Af,g,0 =
(
α−1f Ag,0 0
−Ag,0 pkf+1β
−1
f Ag,0
)
,
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which in turn shows
Pf,g = Af,g,0

ξkf+kg+2
ξkf+1/qkg+1
ξkg+1/qkf+1
1/qkf+kg+2

=

α−1f ξ
kf+1Pg 0
−ξkf+1Pg pkf+1(βfqkf+1)−1Pg
 ,
where Pg is the matrix of ϕ|N(Rg ) with respect to the Wach-module basis of N(Rg)
obtained by lifting the basis {ωg, ϕ(ωg)} via [Ber04, Proof of Proposition V.2.3].
We therefore have
P−1f,g =

αf ξ
−kf−1P−1g 0
−εf(p)q
kf+1P−1g p
−kf−1βfq
kf+1P−1g
 ,
which yields
An+1f,g ϕ
n(P−1f,g ) · · ·ϕ(P
−1
f,g ) =

uf,nΞn 0
vf,nΞn β
−1
f
ϕ(qkf+1)
pkf+1
· · · ϕ
n(qkf+1)
pkf+1
Ξn
 ,
where uf,n is a unit, vf,n is some linear combination of
ϕ(qkf+1)
pkf+1
, . . . , ϕ
n(qkf+1)
pkf+1
and
Ξn is given by the product A
n+1
g ϕ
n(P−1g ) · · ·ϕ(P
−1
g ).
In what follows, we write F ∼ G if F and G are two elements of H(Γ1) such
that F = uG for some u ∈ ΛO(Γ1)×. By [LLZ10, Theorem 5.4] and [LLZ17,
Theorem 2.1],
m−1
(
(1 + π)
(
n∏
i=1
ϕi(qkf+1)
)
Ξn
)
∼ An+1g
n∏
i=1
m−1
(
(1 + π)ϕi(qkf+1)ϕi(P−1g )
)
∼ An+1g
n∏
i=1
 kf∏
j=0
TwjΦi
Twkf+1m−1 ((1 + π)ϕi(P−1g ))
∼
 n∏
i=1
kf∏
j=0
TwjΦi
Twkf+1m−1
(
(1 + π)An+1g
n∏
i=1
ϕi(P−1g )
)
since the entries of ϕi(P−1g ) are, up to units in A
+
L , either ϕ
i(qkg+1) or constants.
The result follows from [BLLV19, (4.2.5)] on passing to limit in n. 
In order to define Coleman maps using the logarithmic matrix Mf,g to de-
compose the Perrin-Riou maps L
(λ,µ)
F,f,g, we introduce the following change of basis
matrices, which will allow us to pass between our chosen eigenvector basis {vλ,µ}
and the integral basis of Dcris(Tf,g) studied above.
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Definition 2.2.13.
i) Let Qf =
1
αf−βf
(
αf − βf 0
αfβf −αfβf
)
be the change of basis matrix from {v∗f,α, v
∗
f,β}
to {ωf⋆ , ηf⋆}, so that we have Q
−1
f AfQf =
(
α−1f
β−1f
)
.
ii) We set Qg =
1
αg−βg
(
αg −βg
−αgβg αgβg
)
, which is the change of basis matrix from
{v∗g,α, v
∗
g,β} to {ωg⋆ , ϕ(ωg⋆)}, so that we have Q
−1
g AgQg =
(
α−1g
β−1g
)
.
iii) We denote by Qf,g the change of basis matrix from {vλ,µ : λ, µ ∈ {α, β}} to
{v1, v2, v3, v4}, so that we have
Q−1f,gAf,gQf,g =

(αfαg)
−1
(αfβg)
−1
(βfαg)
−1
(βfβg)
−1
 .
Remark 2.2.14. Observe that we have
Qf,g =
(
Qg 0
αfβf
αf−βf
Qg −
αfβf
αf−βf
Qg
)
.
Combining this observation with Proposition 2.2.12, we deduce that
Q−1f,gMf,g =
(
ufQ
−1
g Mg 0
∗ ∗
)
.
Proposition 2.2.15. If F is a finite unramified extension of Qp, there exists a
quadruple of bounded Coleman maps
Col
(ω,#)
F,f,g , Col
(ω,♭)
F,f,g, Col
(η,#)
F,f,g , Col
(η,♭)
F,f,g : H
1
Iw(F (µp∞), T ) −→ ΛO(Γcyc)⊗OF ,
which satisfies 
L
(α,α)
F,f,g
L
(α,β)
F,f,g
L
(β,α)
F,f,g
L
(β,β)
F,f,g

= Q−1f,gMf,g

Col
(ω,#)
F,f,g
Col
(ω,♭)
F,f,g
Col
(η,#)
F,f,g
Col
(η,♭)
F,f,g

.
In particular, L
(α,α)
F,f,g
L
(α,β)
F,f,g
 = ufQ−1g Mg
Col
(ω,#)
F,f,g
Col
(ω,♭)
F,f,g
 .
Proof. The first assertion follows from [LLZ10, Theorem 3.5]; see also the
discussion in [BLLV19, §5.1]. The second follows from the first, combined with
Remark 2.2.14. 
We conclude this subsection with the following definition of the semi-local Cole-
man maps, which we will later use to define local conditions.
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Definition 2.2.16. Let N be the set of positive square-free integers that are
coprime to 6pNfNg. For positive integers m ∈ N , ◦ ∈ {ω, η} and • ∈ {#, ♭}, we
define the semi-local Coleman maps Col
(◦,•)
f,g,m =
⊕
v|pCol
(◦,•)
Q(m)v,f,g
. When m = 1,
we will simply write Col
(◦,•)
f,g in place of Col
(◦,•)
f,g,1.
2.3. Two-variable Perrin-Riou maps and Coleman maps
Recall from the introduction that f denotes a Hida family passing through fα
(we remark that our Hida families are what [KLZ17] calls branches, as explained
in Section 7.5 of op. cit.). To the best of the authors’ knowledge, a theory of
Wach modules for families, which would allow one to decompose a three-variable
Perrin-Riou map (where both f and g vary in families), is currently unavailable.
We shall content ourselves with studying two-variable Λf-adic Perrin-Riou maps
interpolating L
(α,α)
F,f,g and L
(α,β)
F,f,g as fα varies. We will show that these maps can be
decomposed into bounded Coleman maps, deforming Col
(ω,#)
F,f,g and Col
(ω,♭)
F,f,g under
the following weaker version of the hypothesis (FLf,g).
(FLg) R
∗
g verifies the Fontaine–Laffaille condition p > kg + 1.
Remark 2.3.1. One advantage of working with only two of the Perrin-Riou
maps L
(α,α)
F,f,g and L
(α,β)
F,f,g and two of the Coleman maps Col
(ω,#)
F,f,g and Col
(ω,♭)
F,f,g is that
we only need an integral basis for the Dieudonné module of a rank-two quotient of
Tf,g, rather than the whole of Tf,g. In particular, not only can we weaken hypothesis
(FLf,g) to (FLg), but we may also discard the hypothesis (Θ).
We now introduce a number of objects attached to the family f. Throughout
this subsection, g is a fixed non-p-ordinary cuspidal eigenform as in the introduction.
Definition 2.3.2.
i) The prime ideal of Λf that corresponds to the specialization of f to fα (as well as
the specialization itself) will be denoted by κ0.
ii) We write αf for the Up-eigenvalue of f. Given a specialization κ of Λf, we write
fκ and ακ for the respective specializations of f and αf at κ.
iii) Let R∗
f
be the Λf-adic GQ-representation attached to f as given in [KLZ17,
Definition 7.2.5] and let F−R∗
f
denote the free rank-one Λf-module given as in
Theorem 7.2.8 of op. cit.
iv) We put Tf,g := R
∗
f
⊗R∗g and T
−∅
f,g := F
−R∗
f
⊗R∗g.
Remark 2.3.3.
i) As explained in [KLZ17, Theorem 7.2.3(iii)], the GQp-representation F
−R∗
f
|GQp
is unramified.
ii) The specialization of R∗
f
at κ0 coincides with the natural O-lattice R∗fα contained
in Deligne’s representation attached to the p-stabilized eigenform fα, which is real-
ized as the fα-isotypic Hecke eigenspace inside H
1
ét(Y1(pNf)Q,TSym
kf (HZp)(1)).
We let Rfα denote the lattice we have introduced in Definition 2.1.1(i). This is a
Galois-stable lattice contained in the fα-isotypic Hecke eigenspace
H1ét(Y1(pNf )Q, Sym
kf (H ∨Qp))[fα] ⊂ H
1
ét(Y1(pNf )Q, Sym
kf (H ∨Qp)) .
iii) We recall that the lattice Rf is defined in a similar manner, which is realized
in the cohomology of Y1(Nf ). The lattices Rf and Rfα are related via a morphism
(Prα)∗ : Rf → Rfα , where (Pr
α)∗ = (Pr1)
∗ −
βf
pkf+1
(Pr2)
∗ is the map dual to
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(Prα)∗ : R
∗
fα
→ R∗f , which was studied in [KLZ17, §7.3]. Note that the map (Pr
α)∗
is necessarily injective, since it induces an isomorphism Rf [1/p]
∼
−→ Rfα [1/p].
We now introduce the following p-stabilized version of the Perrin-Riou maps
for the representation R∗fα ⊗R
∗
g, which can be defined under the hypothesis (FLg).
Definition 2.3.4. Let F/Qp a finite unramified extension. For µ ∈ {α, β}, we
define the ΛO(Γcyc)-morphism
L
(α,µ)
F,fα,g
: H1Iw(F (µp∞), R
∗
fα ⊗R
∗
g) −→ Hordp(µg)(Γcyc)⊗Zp F
as the compositum
H1Iw(F (µp∞), R
∗
fα⊗R
∗
g)
(Prα)∗
−−−−→ H1Iw(F (µp∞), R
∗
f⊗R
∗
g)
L
(α,µ)
F,f,g
−−−−→ Hordp(µg)(Γcyc)⊗ZpF
where the morphism L
(α,µ)
F,f,g is given in (2.1).
Lemma 2.3.5. Let (Prα)∗ : Rf →֒ Rfα be the morphism given as in Re-
mark 2.3.3. Then (Prα)∗ is an isomorphism if at least one of the following condi-
tions holds true: i) kf > 0, ii) vp(αf − βf/p) = 0, iii) ρf is absolutely irreducible.
Proof. In the situation of (i)–(ii), this is essentially [KLZ17, Prop. 7.3.1]
transposed, whereas the case (iii) is [LLZ15, Prop. 4.3.6] transposed. We go over
the details in the setting of (i)–(ii). We shall apply the (“dual”) argument in the
proof of [KLZ17, Prop. 7.3.1] to show that the cokernel of (Prα)∗ is annihilated
by αf −
βf
p . This will suffice to conclude the proof of our lemma when (i) or (ii)
holds true.
In fact, we shall prove that the map (pr2)∗ ◦ (Pr
α)∗ : Rf → Rf is given by
multiplication by αf −
βf
p . To see that, we directly compute
(pr2)∗ ◦ (Pr
α)∗ = (pr2)∗ ◦ pr
∗
1 −
βf
pk+1
(pr2)∗ ◦ pr
∗
2
= ap(f)−
βf (p+ 1)
p
= αf − βf/p
where the second equality is because (pr2)∗ ◦pr
∗
1 = Tp and (pr2)∗ ◦pr
∗
2 = p
kf (p+1);
whereas the final equality is because ap(f) = αf + βf . The proof of our lemma is
now complete in the situation of (i)–(ii). The case (iii) can be treated following the
proof of [LLZ15, Prop. 4.3.6] but “dualizing” the argument in op. cit. as above.

The Λf-adic objects we introduce in Definition 2.3.6 below is akin to the con-
structions of [KLZ17, §8.2].
Definition 2.3.6. Let F be a finite unramified extension of Qp.
i) We define D(F,F−R∗
f
) = (F−R∗
f
⊗Zp Zˆ
ur
p )
GF , which is a Λf-module equipped with
an operator ϕ induced by the arithmetic Frobenius action on Zurp and define the A
+
L -
module N(F,F−R∗
f
) = D(F,F−R∗
f
)[[π]], with ϕ sending π to (1+ π)p − 1. There is
a left inverse ψ of ϕ induced by the trace operator on Zp[[π]]→ Zp[[π]].
ii) We define the corresponding objects for T−∅
f,g on setting D(F, T
−∅
f,g ) = D(F,F
−R∗
f
)⊗O
Dcris(R
∗
g) and N(F, T
−∅
f,g ) = N(F,F
−R∗
f
)⊗A+L
N(R∗g), respectively.
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Remark 2.3.7. Explicitly, D(F,F−R∗
f
) = Λf(α
−1
f
) ⊗Zp OF , where Λf(α
−1
f
) is
the free Λf-module of rank one on which ϕ acts via the scalar α
−1
f
. Consequently,
D(F, T−∅
f,g ) = Λf(α
−1
f
)⊗O Dcris(F,R
∗
g) = Λf(α
−1
f
)⊗O Dcris(R
∗
g)⊗Zp OF ;
N(F, T−∅
f,g ) = Λf(α
−1
f
) ⊗̂ON(F,R
∗
g) = Λf(α
−1
f
) ⊗̂ON(R
∗
g)⊗Zp OF .
Lemma 2.3.8. There is an isomorphism of Λf(Γcyc)-modules
H1Iw(F (µp∞), T
−∅
f,g )
∼= N(F, T−∅
f,g )
ψ=1.
Proof. Our proof follows closely part of the proof of [KLZ17, Theorem 8.2.3].
Since all the modules above commute with inverse limits, we may replace F−R∗
f
by
a finitely generated Zp-module M equipped with an unramified action by GQp .
Since N(F,M ⊗R∗f ) is now the usual Wach module of M ⊗R
∗
f over F , [Ber03,
Theorem A.3] tells us that
H1Iw(F (µp∞),M ⊗R
∗
g)
∼=
(
π−1N(F,M ⊗R∗g)
)ψ=1
.
As the Hodge–Tate weights of M ⊗R∗g are non-negative and R
∗
g is non-ordinary, it
follows that M ⊗R∗g does not admit a subquotient isomorphic to the trivial repre-
sentation. Thus, we may eliminate π−1 from π−1N(M ⊗ R∗g) in the isomorphism
above, proving the lemma. 
Equipped with the isomorphism given by Lemma 2.3.8, we may mimic the
strategy of [LZ14] and [KLZ17] to define a two-variable Perrin-Riou map on
H1Iw(F (µp∞), T
−∅
f,g ). This is done in the proof of Theorem 2.3.10 below. Pairing
with appropriate ϕ-eigenvectors, which we introduce below, we may deform the
maps L
(α,µ)
F,fα,g
as fα varies in a Hida family.
Definition 2.3.9.
i) Let If be the congruence ideal of f and let Hf ∈ If denote Hida’s congruence
divisor.
ii) Let ηf : D(Qp,F−R∗f ) →
1
Hf
Λf be the Λf-morphism given by [KLZ17, Proposi-
tion 10.1.1(2)]. Its specialization under κ will be denoted by ηκ, which we identify
as an element of Dcris(Vfκ) via duality.
Theorem 2.3.10. For µ ∈ {α, β} and a finite unramified extension F/Qp, there
exists a Λf(Γcyc)-morphism
LF,f,g,µ : H
1
Iw(F (µp∞), Tf,g)→ Λf ⊗̂Hordp(µg)(Γcyc)⊗ F
whose specialization at κ0 equals, up to a p-adic unit,
1
λNf (f)
(
1−
βf
pαf
)(
1−
βf
αf
)L(α,µ)F,fα,g,
where L
(α,µ)
F,fα,g
is given as in Definition 2.3.4 and λNf (f) is the pseudo-eigenvalue
of the Atkin–Lehner operator of level Nf (which is given by the identity WNf f =
λNf (f)f
∗). In particular, the specialization of LF,f,g,µ at κ0 agrees with LF,fα,g,µ
up to multiplication by a p-adic unit, if at least one of the following conditions holds
true: i) kf > 0, ii) vp(αf − βf/p) = 0, iii) ρf is absolutely irreducible.
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Proof. Let us write ϕ∗N(F, T−∅
f,g ) for the A
+
L -module generated by the image
of N(F, T−∅
f,g ) under ϕ and define ϕ
∗N(M) similarly if M is a GQp -representation
whose Hodge–Tate weights are non-negative. The Perrin-Riou map LF,M of M
over F is given as the composite map
H1Iw(F (µp∞),M)
∼
−→ N(F,M)ψ=1
1−ϕ
−−−→ ϕ∗N(F,M)ψ=0
→֒ Dcris(M)⊗ (B
+
rig,L)
ψ=0 ⊗ F
1⊗m−1⊗1
−−−−−−→ Dcris(M)⊗H(Γcyc)⊗ F,
where B+rig,L denotes the set of power series in L[[π]] that converge on the open unit
disk.
Since ϕ acts invertibly on Λf(α
−1
f
), the description of N(F, T−∅
f,g ) in Remark 2.3.7
tells us that
ϕ∗N(F, T−∅
f,g ) = Λf(α
−1
f
) ⊗̂Oϕ
∗N(F,R∗g).
Thanks to Lemma 2.3.8, we may define the Perrin-Riou map LF,T−∅
f,g
for T−∅
f,g over
F as the composite map
H1Iw(F (µp∞), T
−∅
f,g )
∼= N(F, T−∅
f,g )
ψ=1 1−ϕ−−−→ ϕ∗N(F,Mf.g)
ψ=0
= Λf(α
−1
f
) ⊗̂Zpϕ
∗N(F,R∗g)
→֒ Λf(α
−1
f
) ⊗̂ZpDcris(M)⊗ (B
+
rig,L)
ψ=0 ⊗ F
= Dcris(T
−∅
f,g )⊗ (B
+
rig,L)
ψ=0 ⊗ F
1⊗m−1⊗1
−−−−−−→ D(Qp, T
−∅
f,g ) ⊗̂H(Γcyc)⊗ F.
(2.4)
We now define LF,f,g,µ by the compositum of the following arrows
H1Iw(F (µp∞), Tf,g) −→ H
1
Iw(F (µp∞), T
−∅
f,g ) −→H(Γcyc) ⊗̂D(F, T
−∅
f,g )⊗ F
−→ Λf ⊗̂Hordp(µg)(Γcyc)⊗ F,
where the first arrow is induced by the natural projection, the second arrow is given
by L
F,T−∅
f,g
and the final arrow is the pairing with Hf · ηf ⊗ vg,µ.
Given an arbitrary element z ∈ H1Iw(F (µp∞), R
∗
fα
⊗R∗g), set zα := (Pr
α)∗(z) ∈
H1Iw(F (µp∞), R
∗
f ⊗R
∗
g). Observe then that
(2.5)
L
(α,µ)
F,fα,g
(z) := 〈(LF,f,g(zα), vf,α ⊗ vg,µ〉(Nf ,Ng)
= 〈(Prα)∗ ◦ LF,fα,g(z), vf,α ⊗ vg,µ〉(Nf ,Ng)
= 〈LF,fα,g(z), (Pr
α)∗(vf,α)⊗ vg,µ〉(Nfp,Ng)
where the first equality follows from the functoriality of the construction of the
Perrin-Riou map and the second using the fact that (Prα)∗ is the transpose of
(Prα)∗. We further note that the subscript (Nf , Ng) (resp., (Nfp,Ng)) signifies
the levels of the pair of modular curves where one realizes f and g (resp., fα
and g), on which the Poincaré duality induces the indicated pairing. Let η′f ∈
Dcris(Vf )/Fil
1 be the vector defined as in Corollary 2.2.5. It follows from [KLZ17,
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Proposition 10.1.1(2)(b)] that the specialization of Hf · ηf at κ is given by
Cf
λNf (f)
(
1−
βf
pαf
)(
1−
βf
αf
) · (Prα)∗(η′f ).
The first assertion concerning the specialization of LF,f,g,µ at κ0 follows on com-
bining this fact with Corollary 2.2.5 and Equation (2.5).
The last assertion of the theorem follows from Lemma 2.3.5, since the constant
λNf (f)
(
1− βfpαf
)(
1− βfαf
)
is a p-adic unit under the stated list of hypotheses. 
The following theorem can be considered as a deformed version of the second
half of Proposition 2.2.15.
Theorem 2.3.11. Suppose that (FLg) holds. There exist Λf(Γcyc)-morphisms
ColF,f,g,#,ColF,f,g,♭ : H
1
Iw(F (µp∞), Tf,g) −→ Λf(Γcyc)⊗Zp OF
such that LF,f,g,α
LF,f,g,β
 = Q−1g Mg
ColF,f,g,#
ColF,f,g,♭
 .
Proof. Let {ng,1, ng,2} be the Wach module basis lifting {ωg⋆ , ϕ(ωg⋆)}, given
by Berger in the proof of [Ber04, Proposition V.2.3]. Then {(1 + π)ϕ(ng,1), (1 +
π)ϕ(ng,2)} is a ΛO(Γcyc)-basis of ϕ∗N(R∗g)
ψ=0 by [LLZ10, Theorem 3.5]. Let us
define pr# and pr♭ to be the projection maps ϕ
∗N(R∗g)
ψ=0 → ΛO(Γcyc) given by
this basis. We define for • ∈ {#, ♭} the map ColF,f,g,• to be the compositum
H1Iw(F, Tf,g) −→ Λf(α
−1
f
) ⊗̂Zpϕ
∗N(R∗g)
ψ=0 ⊗Zp OF
Hf·ηf⊗pr•⊗1−−−−−−−−→ Λf ⊗̂OΛO(Γcyc)⊗Zp OF = Λf(Γcyc)⊗Zp OF ,
where the first arrow is given by (2.4). The theorem follows from the fact that(
(1 + π)ϕ(ng,1) (1 + π)ϕ(ng,n)
)
=
(
ωg⋆ ϕ(ωg⋆)
)
Mg =
(
v∗g,α v
∗
g,β
)
Q−1g Mg.

Convention 2.3.12. Instead of LQp,f,g,µ and ColQp,f,g,•, we shall write Lf,g,µ
for µ ∈ {α, β} and Colf,g,• for • ∈ {#, ♭}, respectively.
Definition 2.3.13 (Semi-local Λf(Γcyc)-adic Coleman maps). For each m ∈ N
and • ∈ {#, ♭}, we define the semi-local Coleman maps on setting
Colf,g,•,m :=
⊕
v|p
ColQ(m)v ,f,g,•.
When m = 1, we will simply write Colf,g,• in place of Colf,g,•,1.
2.4. The case ap(g) = 0
In the final portion of our paper, we will study in detail the case where g is
the θ-series of a Hecke character of an imaginary quadratic field where p remains
inert. In particular, ap(g) will vanish. The goal of this section is to investigate the
construction of Coleman maps under this condition. For the rest of the current
section, we replace the hypothesis (FLf,g) by the following.
(FLf -Sg) p > kf + 1 and ap(g) = 0.
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Under (FLf -Sg), we have a very explicit description of Mg in terms of Pol-
lack’s plus and minus logarithms. Furthermore, we may allow g to be outside the
Fontaine–Laffaille range. The corresponding objects in Definition 2.2.11 are avail-
able under (FLf -Sg), even if p ≤ kg + 1, thanks to the work of Berger–Li-Zhu
[BLZ04].
Definition 2.4.1. We let {n+, n−} denote the basis of N(R∗g) constructed in
[BLZ04, §3.1] (which we have to twist by ǫ
−1/2
g as in §4.2 in op. cit., since the
authors constructed a p-adic representation with trivial central character in §3.1 of
op. cit.). Let {v+, v−} be the basis of Dcris(T ∗g ) given by n± mod π.
As in the proof of Lemma 2.2.9, we note that the representation considered in
op. cit. is in fact R∗g(−kg − 1). We have the identifications
N(R∗g)
×πkg+1
−−−−−→ N(R∗g(−kg − 1)),
Dcris(R
∗
g)
× tkg+1
−−−−−→ Dcris(R
∗
g(−kg − 1)) .
The matrix of ϕ|Dcris(R∗g) with respect to the basis {v+, v−} is given by(
0 −η
pkg+1
η 0
)
,
where η = ǫg(p)
−1/2, whereas the matrix of ϕ|N(R∗g) with respect to {n+, n−} is
given by (
0 −η
qkg+1
η 0
)
.
Note that v+ generates Fil
0 Dcris(R
∗
g). Therefore, upon multiplying n+ by a suitable
unit in O, we may arrange that ωg⋆ = v+.
Definition 2.4.2. We set ng,1 := u · n+, where u ∈ O× is chosen so that
ng,1 ≡ ωg⋆ mod π. Furthermore, we put ng,2 := uη ·n− and also define vg,i := ng,i
mod π for i = 1, 2.
i) We let A′g and P
′
g denote the matrices of ϕ|Dcris(R∗g) and ϕ|N(R∗g) with respect to
the bases {vg,1, vg,2} and {ng,1, ng,2}, respectively. More explicitly, we have
A′g =
(
0 −1
ǫg(p)p
kg+1
1 0
)
and P ′g =
(
0 −1
ǫg(p)q
kg+1
1 0
)
.
ii) We finally define the logarithmic matrix associated to the basis {ng,1, ng,1}:
M ′g = m
−1
(
lim
n→∞
(1 + π)(A′g)
n+1ϕn(P ′g)
−1 · · ·ϕ(P ′g)
−1
)
.
Remark 2.4.3.
i) It follows from the calculations in [LLZ10, §5.2.1] that
M ′g =
(
0
a−g
pkg+1
log−p,kg+1
a+g log
+
p,kg+1
0
)
,
where a±g ∈ ΛO(Γ1)
×.
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ii) Note that A′g coincides with Ag given in Definition 2.2.11. However, the matrix
P ′g differs from Pg given in the proof of Proposition 2.2.12 slightly (one of the
entries would differ by the scalar ξkg+1). The resulting matrix M ′g is therefore
slightly different from Mg. But it can be shown under the hypothesis (FLf -Sg) that
the matrix Mg also has the form
Mg =
(
0
b−g
pkg+1
log−p,kg+1
b+g log
+
p,kg+1
0
)
,
where b±g ∈ ΛO(Γ1)
×.
iii) Under the hypothesis (FLf -Sg), the matrix Qg simplifies to
1
2
(
1 1
αg −αg
)
.
We now turn our attention to the representation attached to f . Even though
we have assumed that f itself satisfies the Fontaine–Laffaille condition in (FLf -Sg),
neither [Ber04, Proof of Proposition V.2.3] nor the construction of Wach modules
in [BLZ04] applies to R∗f . We content ourselves with the following non-canonical
Wach-module basis for N(R∗f ).
Definition 2.4.4. Let {nf,1, nf,2} be an A
+
L -basis of N(R
∗
f ) lifting the basis
{ωf⋆ , ηf⋆} as in the proof of [LLZ10, Proposition 3.36]. We note that Dcris(R∗f )
ϕ=β−1f
corresponds to the one-dimensional GQp-stable subspace in Dcris(R
∗
f (−kf − 1)) con-
sidered in §3.6 of op. cit.
On multiplying the basis elements nf,1 and nf,2 by units if necessary, the matrix
of ϕ|N(R∗
f
)
in this basis can be chosen so as to satisfy
P ′f =
(
α−1f 0
∗ ∗
qkf+1
)
.
These bases then give rise to the following bases for the representation Tf,g =
R∗f ⊗R
∗
g.
Definition 2.4.5. We define an A+L -basis {n
′
i : i = 1, · · · , 4} of N(Tf,g) by
setting
n′1 = nf,1 ⊗ ng,1, n
′
2 = nf,1 ⊗ ng,1, n
′
3 = nf,2 ⊗ ng,1, n
′
4 = nf,2 ⊗ ng,2.
We similarly define the vectors v′1, v
′
2, v
′
3 and v
′
4, to give a basis of Dcris(Tf,g).
We let A′f,g and P
′
f,g denote the matrices of ϕ|Dcris(R∗f,g)
and ϕ|N(R∗
f,g
)
with respect
to these bases and set
M ′f,g := M
−1
(
lim
n→∞
(1 + π)(A′f,g)
n+1ϕn(P ′f,g)
−1 · · ·ϕ(P ′f,g)
−1
)
.
Similar to Proposition 2.2.12, it can be shown that there exist elements u′f ∈
ΛO(Γ1)
× and ℓ′f ∈ Hkf+1(Γ1) such that
(2.6) M ′f,g =
(
u′fM
′
g 0
∗ ℓ′fTwkf+1M
′
g
)
,
where ℓ′f is equal to
logp,kf+1
δkf+1(γ0)
up to multiplication by a unit in ΛO(Γ1).
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Let Qf,g be the change of basis given as in Definition 2.2.13(iii). As in Propo-
sition 2.2.15, the basis {n′i : i = 1, · · · , 4} determines the following Coleman maps.
Proposition 2.4.6. If F is a finite unramified extension of Qp, there ex-
ist bounded Coleman maps Col
(ω,+)
F,f,g , Col
(ω,−)
F,f,g , Col
(η,+)
F,f,g and Col
(η,−)
F,f,g with source
H1Iw(F (µp∞), T ) and target ΛO(Γcyc)⊗OF , which satisfy
L
(α,α)
F,f,g
L
(α,β)
F,f,g
L
(β,α)
F,f,g
L
(β,β)
F,f,g

= Q−1f,gM
′
f,g

Col
(ω,+)
F,f,g
Col
(ω,−)
F,f,g
Col
(η,+)
F,f,g
Col
(η,−)
F,f,g

.
In particular, L
(α,α)
F,f,g
L
(α,β)
F,f,g
 = u′fQ−1g M ′g
Col
(ω,+)
F,f,g
Col
(ω,−)
F,f,g
 .
We note that the construction of the Λf(Γcyc)-adic Perrin-Riou maps in The-
orem 2.3.10 does not rely on the hypothesis (FLg) and can be carried over under
the following weaker version of (FLf -Sg):
(Sg) g satisfies ag(g) = 0,
yielding the maps LF,f,g,α and LF,f,g,β . The proof of Theorem 2.3.11 also
generalizes easily to yield the following:
Theorem 2.4.7. Suppose (Sg) holds. There exist a pair of Λf(Γcyc)-morphisms
ColF,f,g,± : H
1
Iw(F (µp∞), Tf,g) −→ Λf(Γcyc)⊗OF
that verify the factorizationLF,f,g,α
LF,f,g,β
 = Q−1g M ′g
ColF,f,g,+
ColF,f,g,−
 .
CHAPTER 3
Beilinson–Flach elements and p-adic L-functions
In this chapter, we recall the unbounded Beilinson–Flach elements for the rep-
resentations Tf,g = R
∗
f
⊗R∗g and explain how they can be decomposed into bounded
elements via the logarithmic matrices defined in Chapter 2. Furthermore, we study
how these elements are related to various p-adic L-functions via the Perrin–Riou
maps and Coleman maps given in the previous chapter.
3.1. Beilinson–Flach elements
We being this section by explaining how to obtain Λf-adic Beilinson–Flach
elements for Tf,g utilizing results in [KLZ17, LZ16]. Our arguments follow very
closely those presented in [BL20b, §3] (with the role of f and g in op. cit. played
by g and f respectively).
Definition 3.1.1. Suppose µ ∈ {α, β} and set N = lcm(Nf , Ng). Let M ≥ 1
be an integer such that c is coprime to 6pMN .
i) We write zf,µM,j ∈ H
1(Q(µM ), R
∗
f
⊗R∗gµ(−j)) for the image of the Rankin–Iwasawa
class RIM,pMN,1 of [LZ16, Definiton 3.2.1] under the compositum of the arrows
H3ét
(
Y (M,pMN)2,Λ(HZp〈t〉)
[j,j](2− j)
)
−→ H1
(
Q(µM ), H
1
ét
(
Y1(pN),Λ(HZp〈t〉)
[j]
)⊠2
(2− j)
)
−→ H1
(
Q(µM ), H
1
ét
(
Y1(pN),Λ(HZp〈t〉)(1)
)
⊠H1ét
(
Y1(pN),TSym
kgHZp(1)
)
(−j)
)
−→ H1
(
Q(µM ), H
1
ord(Np
∞)[kg ] ⊗R∗gµ(−j)
)
−→ H1
(
Q(µM ), R
∗,[kg ]
f
⊗R∗gµ(−j)
)
,
which are given as in [BL20b, (17)], composed with the projection
H1ord(Np
∞)[kg ] −→ R
∗,[kg ]
f
,
where H1ord(Np
∞)[kg ] is defined as in §3.1 of op. cit. Here, the superscript [kg]
means that we have twisted the representation R∗
f
by the kthg power of the weight
character. We also note that we have dropped the left-subscript c from the notation
(see Remark 3.1 of op. cit.).
ii) When M = mpn where n ≥ 1, we define xf,µM,j ∈ H
1(Q(µM ), R
∗,[kg ]
f ⊗W
∗
gµ(−j))
to be the image of
(U ′p)
−n × (U ′p)
−n
(−1)jj!
(
kg
j
)2 RIM,pMN,1
under the same series of maps in (i).
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Theorem 3.1.2. Let m ∈ N and µ ∈ {α, β}. There exists a unique element
BF f,µm ∈ H
1
(
Q(µm), R
∗,[kg ]
f
⊗R∗gµ⊗̂Hord(µ)(Γcyc)
ι
)
such that its image in H1
(
Q(µmpn), R
∗,[kg ]
f
⊗W ∗gµ (−j)
)
equals xf,µmpn,j for all 0 ≤
j ≤ kg and n ≥ 1.
Proof. This follows from the same proof as [BL20b, Theorem 3.2]. Note that
the requirement in the equation (18) of op. cit. translates to
H0(Q(µmp∞), R
∗,[kg ]
f
⊗R∗gµ(−j)) = 0,
which follows as a consequence of the fact that g is non-ordinary at p, whereas f is
a p-ordinary family. 
Definition 3.1.3. We define
BFf,g,µ,m ∈ H
1
(
Q(µm), R
∗
f ⊗R
∗
gµ⊗̂Hord(µ)(Γcyc)
ι
)
as the image of BF f,µm given in Theorem 3.1.2 under the weight-twisting morphism
H1
(
Q(µm), R
∗,[kg ]
f
⊗R∗gµ⊗̂Hord(µ)(Γcyc)
ι
)
−→ H1
(
Q(µm), R
∗
f
⊗ R∗gµ⊗̂Hord(µ)(Γcyc)
ι
)
.
We recall from [BLLV19, Theorem 5.4.1] that the logarithmic matrix con-
structed using Berger’s Wach module basis when both f and g are p-non-ordinary
leads to a partial splitting of unbounded Beilinson–Flach elements associated to
the Rankin–Selberg products. The reason why we fell short of establishing the full
splitting Conjecture 5.3.1 in op. cit. is the lack of information on the Beilinson–
Flach elements associated to the twists Tf,g(−j) for j > max(kf , kg)). When f is
p-ordinary, we may allow fα to vary in the Hida family f to by-pass this restric-
tion imposed by the weights and obtain a full decomposition of the unbounded
Beilinson–Flach elements {BFf,g,µ,m}m∈N , µ ∈ {α, β} into bounded ones:
Theorem 3.1.4.
i) Suppose that (FLg) holds. For m ∈ N , there exists a pair of cohomology classes
BFf,g,#,m,BFf,g,♭,m ∈ ̟
−s(g)H1
(
Q(µm), R
∗
f ⊗R
∗
g⊗̂ΛO(Γcyc)
ι
)
such that BFf,g,α,m
BFf,g,β,m
 = Q−1g Mg
BFf,g,#,m
BFf,g,♭,m
 .
Here, s(g) is a natural number that depends on kg but is independent of m.
ii) Suppose that (Sg) holds. Then the statement holds if we replace Mg, # and ♭ by
M ′g, + and − respectively.
Proof. Let us first consider part (i). It is enough to show that BF f,αm and
BF f,βm verify the analogous factorization. In more precise wording, it suffices to
show that there exists a pair
BF f,#m ,BF
f,♭
m ∈ ̟
−s(g)H1
(
Q(µm), R
∗,[kg ]
f
⊗R∗g⊗̂ΛO(Γcyc)
ι
)
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such that BF f,αm
BF f,βm
 = Q−1g Mg
BF f,#m
BF f,♭m
 .
This follows from the same proof as [BL20b, Theorem 3.7], where the Hida family
there is assumed to be CM, but the CM condition in fact plays no role in the
argument. We overview the the main steps of the proof of [BL20b, Theorem 3.7].
For i = 0, . . . , kg and µ ∈ {α, β}, consider the cocycle
cf,µn,i ∈ Z
1
(
GQ(µmp∞ ), R
∗,[kg]
f
⊗R∗g
)
⊗O[Γ/Γp
n−1
]
lifting res
(
µngx
f,µ
mpn,i
)
as in op. cit., which satisfies
(3.1)
∣∣∣∣∣
∣∣∣∣∣p−jn
j∑
i=0
(−1)i
(
j
i
)
1⊗ Tw−icλ,gn,i
∣∣∣∣∣
∣∣∣∣∣ ≤ 1.
Using Lemma 2.3 and Remark 2.4 in op. cit., we obtain the bounded cocycle
cf,µn ∈ Z
1
(
GQ(µmp∞ ), R
∗,[kg]
f
⊗R∗g
)
⊗̟−s0(g)ΛO(Γcyc)/ωn−1,kg+1
whose image modulo Tw−iωn−1 is c
f,µ
n,i. This in turn gives rise to a pair of coho-
mology classes
̟s0(g)µnxf,µn ∈ H
1(Q(µmp∞), R
∗,[kg]
f
⊗R∗g)⊗ ΛO(Γcyc)/ωn−1,kg+1 , µ ∈ {α, β} .
Let Cn−1 denote the matrix
m−1
(
(1 + π)ϕn−1(P−1g ) · · ·ϕ(P
−1
g )
)
.
The interpolative properties of the Rankin–Iwasawa classes given by Corollary 3.4
in op. cit. allow us to apply [BL20b, Proposition 2.10] to obtain a pair of bounded
classes
x#,mpn ,x♭,mpn ∈ H
1
(
Q(µmp∞), R
∗,[kg ]
f
⊗R∗gµ ⊗̟
−s1(g)ΛO(Γcyc)
⊕2/ kerhn−1
)
(where hn−1 denotes the map ΛO(Γcyc)
⊕2 → ΛO(Γcyc)⊕2 given by the matrix
Cn−1), satisfying αngxf,αmpn
βng x
f,β
mpn
 = Q−1g Cn−1
xf,#mpn
x
f,♭
mpn
 ,
The result then follows on passing to limit in n and setting BF f,•m := limn x
f,•
mpn for
• ∈ {#, ♭} with s(g) = s0(g) + s1(g).
We now consider part (ii). As in the first portion, for each µ ∈ {α, β}, we
have bounded cocycles cf,µn interpolating res
(
µngx
f,µ
mpn,i
)
since the inequality (3.1)
is still valid. Observe in addition that [BL20b, Corollary 3.4] also holds without
the hypothesis (FLg). Notice that we now have αg = −βg. This tells us that for
1 ≤ m ≤ n− 1, the cocycle
cf,αn ± c
f,β
n ∈ Z
1
(
GQ(µmp∞ ), R
∗,[kg]
f
⊗R∗g
)
⊗̟−s0(g)ΛO(Γcyc)/ωn−1,kg+1
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is divisible by the polynomial Φm,kg+1, where the parity of m determines the sign
above. This gives rise to a pair of bounded cocycles cf,±n satisfying
(3.2)
1 −1
1 1
cf,αn
cf,βn
 =
ω+n,kg+1cf,+n
ω−n,kg+1c
f,−
n
 ,
where ω±n,kg+1 =
∏
Φn,kg+1 with the products running over all even (respectively
odd) integers between 1 and n− 1 for the sign + (respectively −).
It follows from Remark 2.4.3 that
Q−1g M
′
g ≡
1
αng
 σ+n ω+n,kg+1 σ−n ω+n,kg+1
−σ+n δnω
+
n,kg+1
σ−n ω
+
n,kg+1
 mod ωn−1,kg+1 ,
where σ±n are bounded polynomials. Combining this with (3.2) givescf,αn
cf,βn
 = Q−1g M ′g
df,+n
df,−n
 ,
where df,±n are bounded cocycles. This in turn produces a pair of bounded coho-
mology classes xf,±mpn represented by d
f,±
mpn which verifyxf,αmpn
x
f,β
mpn
 = Q−1g M ′g
xf,+mpn
x
f,−
mpn
 .
The result now follows on setting BFf,g,±,m as the limit of x
f,±
mpn as n tends to
infinity. 
Definition 3.1.5. Suppose • ∈ {#, ♭} under the hypothesis (FLg) or else
• ∈ {+,−} under (Sg). We shall write BF
(α,•)
f,g,m for the specialization of the element
BFf,g,•,m under κfα : Λf → O associated to the member fα of the Hida family f.
We remark that we then automatically deduce from Theorem 3.1.4 the factor-
izations
(3.3)
BF
(α,α)
f,g,m
BF
(α,β)
f,g,m
 = Q−1g Mg
BF
(α,#)
f,g,m
BF
(α,♭)
f,g,m
 ,
BF
(α,α)
f,g,m
BF
(α,β)
f,g,m
 = Q−1g M ′g
BF
(α,+)
f,g,m
BF
(α,−)
f,g,m

for every specialization fα of the Hida family f and integer m ∈ N .
3.2. Euler systems of rank 2 and uniform integrality
The goal of the current section is to l analyze the variation of exponent s(g)
with the eigenform g. Our main result in this vein is Corollary 3.2.4 below.
This analysis is relevant to our attempt towards the Iwasawa main conjectures
for f/K ⊗ ψ, where K is an imaginary quadratic field where p is inert, f/K is the
“base-change” of f to K and ψ is a Hecke character of K. See §5.3 for a detailed
discussion, more particularly Remark 5.3.7 and §§5.3.3–5.3.6 for the relevance of
our discussion in §3.2.
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The following conjecture, which is in line with Perrin-Riou’s philosophy [PR98],
is the Λf-adic version of [BLLV19, Conjecture 3.5.1]. We retain the notation of
§2.3 and the present §3.1.
Conjecture 3.2.1. Suppose m ∈ N . There exists a unique element
BFf,gm ∈
∧2
H1
(
Q(µm), Tf,g⊗̂ΛO(Γcyc)
ι
)
such that for µ = α, β, we have
jµ ◦ LQ(µm)p,f,g,µ
(
BFf,gm
)
= BFf,g,µ,m .
Here, we have regarded the functional LQ(µm)p,f,g,µ as a map∧2
H1
(
Q(µm), Tf,g⊗̂ΛO(Γcyc)
ι
) LQ(µm)p,f,g,µ
−−−−−−−−→
H1
(
Q(µm), Tf,g⊗̂ΛO(Γcyc)
ι
)
⊗ΛO(Γcyc)Hord(µ)(Γcyc)
LQ(µm)p,f,g,µ (x⊗ y) := LQ(µm)p,f,g,µ(resp(x)) · y − LQ(µm)p,f,g,µ(resp(y)) · x
and jµ is stands for the compositum of the arrows
H1
(
Q(µm), Tf,g⊗̂ΛO(Γcyc)
ι
)
⊗̂ΛO(Γcyc)Hord(µ)(Γcyc) −→
H1
(
Q(µm), Tf,g⊗̂Hord(µ)(Γcyc)
ι
) idf×(prµ)∗
−−−−−−−→
H1
(
Q(µm), Tf,gµ⊗̂Hord(µ)(Γcyc)
ι
)
.
See [BL19, BO20] for results in support of this conjecture.
Assuming the validity of Conjecture 3.2.1, one may define the following pair of
signed Euler systems without going through the technical difficulties one needs to
overcome in the proof of Theorem 3.1.4.
Definition 3.2.2. We assume the truth of Conjecture 3.2.1.
i) Suppose that (FLg) holds and m ∈ N . For the pair of signed Coleman maps
ColQ(µm)p,f,g,? (with ? = #, ♭) given as in Theorem 2.3.11, we define the element
BFf,g,?m := ColQ(µm)p,f,g,?
(
BFf,gm
)
∈ H1
(
Q(µm), Tf,g⊗̂ΛO(Γcyc)
ι
)
ii) Suppose that (Sg) holds and m ∈ N . For the pair of signed Coleman maps
ColQ(µm)p,f,g,? (with ? = +,−) given as in Theorem 2.4.7, we define the element
BFf,g,?m := ColQ(µm)p,f,g,?
(
BFf,gm
)
∈ H1
(
Q(µm), Tf,g⊗̂ΛO(Γcyc)
ι
)
.
One may use Theorem 2.3.11 and Theorem 2.4.7 to easily prove that the ele-
ments {BFf,g,?m } verify the following factorization statement (which should be com-
pared to the conclusions of Theorem 3.1.4):
Proposition 3.2.3. We assume the truth of Conjecture 3.2.1.
i) Suppose that (FLg) holds. For every m ∈ N ,BFf,g,α,m
BFf,g,β,m
 = Q−1g Mg
BFf,g,#m
BFf,g,♭m
 .
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ii) Suppose that (Sg) holds. For every m ∈ N , we haveBFf,g,α,m
BFf,g,β,m
 = Q−1g M ′g
BFf,g,+m
BFf,g,−m
 .
Corollary 3.2.4. Assume the truth of Conjecture 3.2.1. Then,
BFf,g,?,m = BF
f,g,?
m ? = #, ♭,+,− and m ∈ N .
In particular, the exponents s(g) in the statement of Theorem 3.1.4 are bounded
independently of g.
Proof. This immediate on comparing the identities we have verified in Theo-
rem 3.1.4 (concerning the elements BFf,g,?,m) with those in Proposition 3.2.3 (con-
cerning the elements BFf,g,?m ). 
3.3. p-adic L-functions
We next study the link between Beilinson–Flach classes to p-adic L-functions.
By an abuse of notation, we shall identify the Beilinson–Flach classes with their
images under the p-localization map. We first prove the preliminary Lemmas 3.3.1
and 3.3.3.
Lemma 3.3.1. Suppose m ∈ N .
i) For µ ∈ {α, β}, we have
L
(α,µ)
f,g,m
(
BF
(α,µ)
f,g,m
)
= 0.
ii) Suppose that kf ≥ kg, then
L
(α,α)
f,g,m
(
BF
(α,β)
f,g,m
)
= −L
(α,β)
f,g,m
(
BF
(α,α)
f,g,m
)
∈ logp,kg+1 ΛO(Γcyc)⊗O Q(m)p,
where Q(m)p = Q(m)⊗Q Qp.
Proof. Part (i) follows from [LZ16, Theorem 7.1.2].
For part (ii), note that the eigenvectors vf,λ and vg,µ given in Definition 2.1.1
differ from the ones given in [BLLV19, §3.5] by fixed constants that are independent
of λ and µ. Therefore, the stated equality follows from the same proof as the last
assertion of Theorem 3.6.5 in op. cit.
Let us put L = L
(α,α)
f,g,m
(
BF
(α,β)
f,g,m
)
. An analysis of the denominators of the
Perrin-Riou map and the Beilinson–Flach class shows that L ∈ Hkg+1O(Γcyc)⊗Zp
Q(m)p. It therefore remains to show that L is divisible by logp,kg+1. To do so, it
suffices to show that L vanishes at all characters of the form χjθ, where 0 ≤ j ≤ kg
and θ is a finite Dirichlet character on Γ. Let F = Q(m)v, where v is a prime of
Q(m) above p. Note that the natural image of BF
(α,µ′)
f,g,m in H
1(F (µpn), T (−j)⊗OL)
falls within H1g (F (µpn), T (−j) ⊗O L) for all n ≥ 0 and 0 ≤ j ≤ kg (by [KLZ17]
Proposition 3.3.3) and that H1f = H
1
g for the representation T (−j) ⊗O L. The
interpolative property of the Perrin-Riou map then shows that L does vanish at the
aforementioned set of characters. 
We henceforth work under the following additional hypothesis on Λf:
(Reg) Λf is a regular ring.
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Remark 3.3.2. Note that if one is content to work over a sufficiently small open
disc in the weight space (rather than the entire weight space itself), this condition on
the coefficients can be ensured by replacing Λf with the restriction of the universal
Hecke algebra to this open disc.
Under (Reg), we have the following Λf-adic version of Lemma 3.3.1.
Lemma 3.3.3. Suppose that (Reg) holds. Let m ∈ N .
i) For µ ∈ {α, β}, we have
Lf,g,µ,m(BFf,g,µ,m) = 0.
ii) We have
Lf,g,α,m(BFf,g,β,m) = −Lf,g,β,m(BFf,g,α,m) ∈ logp,kg+1 Λf(Γcyc)⊗Zp Q(m)p .
Proof. Let X
(kg)
cr ⊂ Spec(Λf) denote the set of prime ideals of the form Pκ =
ker(κ), where κ is a crystalline (necessarily classical) specialization of Λf such that
the weight of the eigenform fκ is at least kg + 2. Define I to be the set of all
finite intersections of elements of X
(kg)
cr . Since X
(kg)
cr is Zariski dense in Spec(Λf),
hypothesis (Reg) tells us that
Λf = lim←−
I∈I
Λf/I.
Let v be a fixed prime of Q(m) above p and write F = Q(m)v. For I ∈ I, let
F−R∗
fI
= F−Rf ⊗O Λf/I, T
−,∅
f,g = F
−R∗
fI
⊗R∗g
and write
L
F,T−,∅
fI ,g
: H1Iw(F (µp∞), T
−,∅
fI ,g
) −→ Dcris(T
−,∅
fI ,g
)⊗H(Γcyc)⊗ F
for the Perrin-Riou map of F−R∗
fI
over F . By Remark 2.3.7 and the fact that ϕ
acts invertibly on Λf(α
−1
f
), we have
ϕ∗N(F, T−,∅
f,g )
ψ=0 = Λf(α
−1
f
)⊗̂O ϕ
∗N(R∗g)
ψ=0 ⊗Zp OF
=
(
lim
←−
I
Λf(α
−1
f
)/I
)
⊗̂O ϕ
∗N(R∗g)
ψ=0 ⊗Zp OF .
Therefore, we may realize the Perrin-Riou map L
F,T−,∅
f,g
in the proof of Theo-
rem 2.3.10 as
lim
←−
I
L
F,T−,∅
fI ,g
: H1Iw(F (µp∞), T
−,∅
f,g ) = lim←−
I
H1Iw(F (µp∞), T
−,∅
fI ,g
)→(
lim
←−
I
Dcris(T
−,∅
fI ,g
)
)
⊗H(Γcyc)⊗ F = D(Qp, T
−,∅
f,g )⊗H(Γcyc)⊗ F
For µ ∈ {α, β}, we write L
(α,µ)
F,T−,∅
fI ,g
for the map defined by L
F,T−,∅
fI ,g
paired with
the ϕ-eigenvector (Hf · ηf mod I)⊗ vg,µ. Then, on taking inverse limits again, we
have the morphism(
lim
←−
I
L
(α,µ)
F,T−,∅
fI ,g
)
: H1Iw(F (µp∞), T
−,∅
f,g ) −→
(
lim
←−
I
Λf/I
)
⊗̂O Hord(µg)(Γcyc)⊗Zp F.
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This allows us to rewrite LF,f,g,µ as
(
lim
←−I
L
(α,µ)
F,T−,∅
fI ,g
)
◦Prf,g, where Prf,g denotes the
natural projection
H1Iw(Qp(µp∞), Tf,g) −→ H
1
Iw(Qp(µp∞), T
−,∅
f,g ).
Therefore, it is enough to show that
i) For µ ∈ {α, β}, we have
L
(α,µ)
F,T−,∅
fI ,g
(BFfI ,g,µ,v) = 0.
ii) We have
L
(α,α)
F,T−,∅
fI ,g
(BFfI ,g,β,v) = −L
(α,β)
F,T−,∅
fI ,g
(BFfI ,g,α,v) ∈ (Λf/I)⊗ logp,kg+1 ΛO(Γcyc)⊗Zp F,
where BFfI ,g,µ,v denotes the image of BFf,g,µ,m in H
1(F, T−,∅
fI ,g
⊗Hord(µg)(Γcyc)
ι).
Suppose that I =
⋂
i Pκi . For τ, µ ∈ {α, β}, we have the commutative diagram
H1Iw(F (µp∞), T
−,∅
fI ,g
⊗Hord(τg)(Γcyc)
ι)
L
(α,µ)
F,T
−,∅
fI ,g
//
 _

(Λf/I)⊗O Hord(τgµg)(Γcyc)⊗Zp F _
⊕
iH
1
Iw(F (µp∞),F
−R∗
fκi
⊗R∗g ⊗Hord(τg)(Γcyc)
ι)
⊕L
(α,µ)
F,fκi
,g
// (
⊕
i Λf/Pκi)⊗O Hord(τgµg)(Γcyc)⊗Zp F,
where the vertical arrows are injective and L
(α,µ)
F,fκi ,g
are defined in a similar manner
as L
(α,µ)
F,f,g . Lemma 3.3.1 says that (i) and (ii) hold for all i. The result follows. 
In particular, we see that Lemma 3.3.1(ii) holds without the assumption that
kf ≥ kg, since we may first directly work with f and specialize to fα.
Definition 3.3.4.
i) We define the geometric Rankin–Selberg p-adic L-function Lgeop (fα, g) ∈ ΛO(Γcyc)⊗O
L as the unique element satisfying
(3.4) L
(α,µ)
f,g
(
BF
(α,µ′)
f,g,1
)
=
logp,kg+1
µ′g − µg
· Lgeop (fα, g)
for µ, µ′ ∈ {α, β} with µ 6= µ′.
ii) We define the Λf-adic geometric Rankin–Selberg p-adic L-function
Lgeop (f, g) ∈ Λf(Γcyc)⊗O L
as the unique element satisfying
(3.5) Lf,g,µ(BFf,µ′,1) =
logp,kg+1
µ′g − µg
· Lgeop (f, g),
where µ and µ′ are as in (i).
We refer the reader to the explicit reciprocity law of Loeffler–Zerbes in [LZ16,
Theorem 9.3.2] for interpolation properties of the p-adic L-function Lgeop (f, g).
Proposition 3.3.5.
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i) Suppose that (FLg) holds. For m ∈ N and • ∈ {#, ♭}, we have
Colf,g,•,m(BFf,g,•,m) = 0.
Furthermore,
Colf,g,#,m(BFf,g,♭,m) = −Colf,g,♭,m(BFf,g,#,m)
=
αgβg
(αg − βg) detMg
Lf,g,α,m(BFf,g,β,m).
When m = 1,
Colf,g,#(BFf,g,♭,1) = −Colf,g,♭(BFf,g,#,1) = Dgδkg+1L
geo
p (f, g),
where Dg is a unit in ΛO(Γ1).
ii) If (Sg) holds, the analogous results where one replaces # and ♭ by + and − hold
true.
Proof. We only prove part (i) since part (ii) can be proved in a similar manner.
Consider the anti-symmetric matrixLf,g,α,m(BFf,g,α,m) Lf,g,α,m(BFf,g,β,m)
Lf,g,β,m(BFf,g,α,m) Lf,g,β,m(BFf,g,β,m)

=
 0 Lf,g,α,m(BFf,g,β,m)
−Lf,g,α,m(BFf,g,β,m) 0
(3.6)
as given in Lemma 3.3.3. Recall from Proposition 2.2.15 thatLf,g,α,m
Lf,g,β,m
 = Q−1g Mg
Colf,g,#,m
Colf,g,♭,m
 .
Thus, together with (3.3), we may rewrite the left-hand side of (3.6) as
Q−1g Mg
Colf,g,#,m(BFf,g,#,m) Colf,g,#,m(BFf,g,♭,m)
Colf,g,♭,m(BFf,g,#,m) Colf,g,♭,m(BFf,g,♭,m)
 (Q−1g Mg)t.
This in turn implies
Colf,g,#,m(BFf,g,#,m) = Colf,g,♭,m(BFf,g,♭,m) = 0
and
Colf,g,#,m(BFf,g,♭,m) = −Colf,g,♭,m(BFf,g,#,m) =
1
det
(
Q−1g Mg
)Lf,g,α,m(BFf,g,β,m)
as required.
The assertion on the case m = 1 follows from (3.4) and the fact that det(Mg)
is, up to a unit of ΛO(Γ1), given by logp,kg+1 /p
kg+1δkg+1; see [BL20b, Lemma 2.7]
and [LLZ11, Corollary 3.2]. 
Remark 3.3.6. The exact same proof gives the analogous statements for the
Coleman maps in Proposition 2.2.15 and the bounded Beilinson–Flach elements
from Definition 3.1.5. Namely, for • ∈ {#, ♭} and m ∈ N ,
(3.7) Col
(ω,•)
f,g,m(BF
(ω,•)
f,g,m) = 0.
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Furthermore,
Col
(ω,#)
f,g,m(BF
(ω,♭)
f,g,m) = −Col
(ω,♭)
f,g,m(BF
(ω,#)
f,g,m) =
αgβg
(αg − βg) detMg
L
(α,α)
f,g,m(BF
(α,β)
f,g,m).
We end this section by defining the following bounded p-adic L-functions.
Definition 3.3.7.
i) Suppose (FLf,g) holds and set C = (F1,F2) be an ordered pair, where
F1 ∈ {(ω,#), (ω, ♭), (η,#), (η, ♭)},
F2 ∈ {(ω,#), (ω, ♭)}
with F1 6= F2. We define the signed (geometric) p-adic L-function
LgeoC (f, g) := Col
F1
f,g(BF
F2
f,g,1) ∈ ̟
−s(g)ΛO(Γcyc).
ii) If (FLf -Sg) holds, we define similar objects on replacing # and ♭ by the symbols
+ and −.
Remark 3.3.8.
i) The fact that LgeoC (f, g) ∈ ̟
−s(g)ΛO(Γcyc) follows from the integrality of the Cole-
man maps and Theorem 3.1.4.
ii) Suppose that either (FLg) or (Sg) (instead of (FLf,g) and (FLf -Sg)) holds and
that (Reg) holds. We may still define the objects in Definition 3.3.7 as long as F1 ∈
{(ω, •), (ω, ◦)} using the appropriate specializations of the Λf-adic Coleman maps
and Beilinson–Flach classes, where (•, ◦) denotes (#, ♭) or (+,−). This results in
only two choices of C (with F1 = (ω, ◦) and F2 = (ω, •) or vice versa). It follows
from (3.4) and Remark 3.3.6 that
LgeoC (f, g) = ±Dgδkg+1L
geo
p (fα, g).
We may also define the Λf-adic L-function given by
LgeoC (f, g)) = ±Dgδkg+1L
geo
p (f, g) ∈ ̟
−s(g)Λf(Γcyc),
where F1 = (ω, ◦) and F2 = (ω, •) or vice versa.
CHAPTER 4
Selmer groups and main conjectures
We are now ready to define the various Selmer groups arising from the Coleman
maps we defined in §2 and relate them to the p-adic L-functions we defined in §3.3.
4.1. Definitions of Selmer groups
Recall that Tf,g = R
∗
f
⊗ R∗g and for a crystalline specialization f of the Hida
family f (corresponding to the ring homomorphism κf : Λf → O), we have set
T = R∗f ⊗ R
∗
g. We shall define discrete Selmer groups for T
∨
f,g(1) and T
∨
f,g(1)
determined by our signed Coleman maps. Throughout this section, suppose either
(FLg) or (Sg) holds and write {•, ◦} for {#, ♭} or {+,−} accordingly. We also
assume that the hypothesis (Reg) holds.
Definition 4.1.1.
i) Let Cω := ((ω, •), (ω, ◦)). The discrete Selmer group SelCω (T
∨
f,g(1)/Q(µp∞)) is
given by the kernel of the restriction map
H1(Q(µp∞), T
∨
f,g(1)) −→
∏
v|p
H1(Q(µp∞)v, T
∨
f,g(1))
H1Cω (Q(µp∞)v, T
∨
f,g(1))
×
∏
v∤p
H1(Q(µp∞)v, T
∨
f,g(1)),
where v runs through all primes of Q(µp∞), and for v | p the local condition
H1Cω(Q(µp∞)v, T
∨
f,g(1)) is the orthogonal complement of
ker
(
Col
(ω,•)
f,g
)
∩ ker
(
Col
(ω,◦)
f,g
)
under the local Tate pairing.
ii) Suppose that either (FLf,g) or (FLf -Sg) holds. We then define the dual Selmer
group SelC(T
∨
f,g(1)/Q(µp∞)) for C = (F1,F2), where Fi ∈ {(ω, •), (ω, ◦), (η, •), (η, ◦)}
with F1 6= F2, with the local condition at p given by the orthogonal complement of
ker
(
ColF1f,g
)
∩ ker
(
ColF2f,g
)
.
Definition 4.1.1(ii) gives rise to a total of six Selmer groups, which is inline with
[BLLV19, Definition 6.1.2]. We have the following Λf-adic version of the Selmer
group defined in Definition 4.1.1(i).
Definition 4.1.2. The discrete Selmer group SelCω(T
∨
f,g(1)/Q(µp∞)) is given
by the kernel of the restriction map
H1(Q(µp∞), T
∨
f,g(1)) −→
∏
v|p
H1(Q(µp∞)v, T
∨
f,g(1))
H1Cω (Q(µp∞)v, T
∨
f,g(1))
×
∏
v∤p
H1(Q(µp∞)v, T
∨
f,g(1)),
where v runs through all primes of Q(µp∞), and for v | p the local condition
H1Cω(Q(µp∞)v, T
∨
f,g(1)) is the orthogonal complement of ker (Colf,g,•)∩ ker (Colf,g,◦)
under the local Tate pairing.
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Remark 4.1.3. It follows from the last assertion of Theorem 2.3.11 and (the
analogue of the plus/minus version) that we have a canonical isomorphism
SelCω(T
∨
f,g(1)/Q(µp∞))
∨ ⊗κf O
∼
−→ SelC(T
∨
f,g(1)/Q(µp∞))
∨.
As a matter of fact, we will see in Corollary 4.1.6 below that these Selmer groups
agree with the classical (strict) Greenberg Selmer groups. Therefore, the canonical
isomorphism above can be seen as an instance of classical control theorems for
Greenberg Selmer groups.
Lemma 4.1.4. The intersection ker (Colf,g,◦) ∩ ker (Colf,g,•) is precisely
im
(
H1Iw(Qp(µp∞),F
+R∗f ⊗R
∗
g) →֒ H
1
Iw(Qp(µp∞), Tf,g)
)
.
Likewise, for any crystalline specialization f of the Hida family f, the intersection
ker
(
Col
(ω,◦)
f,g
)
∩ ker
(
Col
(ω,•)
f,g
)
equals
im
(
H1Iw(Qp(µp∞),F
+R∗f ⊗R
∗
g) →֒ H
1
Iw(Qp(µp∞), Tf,g)
)
.
Proof. Let L
T−,∅
f,g
be the Perrin-Riou map on H1Iw
(
Qp(µp∞), T
−,∅
f,g
)
defined in
the proof of Theorem 2.3.10 for F = Qp. It is injective since
ker
(
L
T−,∅
f,g
)
⊂ N(Qp, T
−,∅
f,g )
ϕ=1 ⊂ D(Qp, T
−,∅
f,g )
ϕ=1 = 0,
where the last equality is a consequence of the fact that the representation T−,∅
f,g
does not admit the trivial representation as a sub-representation.
By Theorem 2.3.11, z ∈ ker (Colf,g,◦) ∩ ker (Colf,g,•) if and only if z lies inside
ker (Lf,g,α)∩ker (Lf,g,β). This is equivalent to the condition that LT−,∅
f,g
◦Prf,g(z) = 0,
where Prf,g denotes the natural projection
H1Iw(Qp(µp∞), Tf,g)→ H
1
Iw(Qp(µp∞), T
−,∅
f,g ),
since Lf,g,α and Lf,g,β are defined by projecting LT−,∅
f,g
◦ Pr to the two chosen ϕ-
eigenvectors in D(Qp, T
−,∅
f,g ). Thus, the injectivity of LT−,∅
f,g
implies that
ker (Colf,g,◦) ∩ ker (Colf,g,•) = ker(Prf,g).
The first assertion of the lemma now follows. The proof of the second assertion is
similar. 
We recall the definition of the classical Greenberg Selmer groups.
Definition 4.1.5. . The classical Greenberg Selmer group for T∨
f,g(1) over
Qp(µp∞), denoted by SelGr(T
∨
f,g(1)/Q(µp∞)), is defined as the kernel of
H1(Q(µp∞), T
∨
f,g(1)) −→
∏
v|p
H1(Q(µp∞)v, T
∨
f,g(1))
H1FGr(Q(µp∞)v, T
∨
f,g(1))
×
∏
v∤p
H1(Q(µp∞)v, T
∨
f,g(1)) ,
where H1FGr(Q(µp∞)v, T
∨
f,g(1)) is the orthogonal complement of
im
(
H1Iw(Qp(µp∞),F
+R∗
f
⊗R∗g) →֒ H
1
Iw(Qp(µp∞), Tf,g)
)
under the local Tate duality. We also define the classical Greenberg Selmer group
SelGr(T
∨
f,g(1)/Q(µp∞)) similarly.
We deduce from Lemma 4.1.4 the following corollary.
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Corollary 4.1.6. The Selmer group SelCω (T
∨
f,g(1)/Q(µp∞)) coincides with the
classical (strict) Greenberg Selmer group Sel(T∨
f,g(1)/Q(µp∞)) given as the kernel of
H1(Q(µp∞), T
∨
f,g(1)) −→
∏
v|p
H1(Q(µp∞)v, T
∨
f,g(1))
H1FGr(Q(µp∞)v, T
∨
f,g(1))
×
∏
v∤p
H1(Q(µp∞)v, T
∨
f,g(1)) ,
Similarly, SelCω (T
∨
f,g(1)/Q(µp∞)) = SelGr(T
∨
f,g(1)/Q(µp∞))
4.2. Classical and signed Iwasawa main conjectures
We now formulate Iwasawa main conjectures relating the p-adic L-functions
defined in Definition 3.3.7 to the Selmer groups in Definition 4.1.1.
Conjecture 4.2.1. Suppose that either (FLf,g) or (FLf -Sg) holds. For C =
(F1,F2), where
F1 ∈ {(ω, •), (ω, ◦), (η, •), (η, ◦)}, F2 ∈ {(ω, •), (ω, ◦)}
with F1 6= F2 and θ a character of ∆, the θ-isotypic component eθSelC(T∨f,g(1)/Q(µp∞))
is a cotorsion ΛO(Γ1)-module. Furthermore,
charΛO(Γ1)eθSelC(T
∨
f,g(1)/Q(µp∞))
∨ = (eθ̟
s(g)LgeoC (f, g)/IC),
where IC = det(Im(ColF1 ⊕ ColF2)).
Remark 4.2.2.
i) When F1 ∈ {(η, •), (η, ◦)}, the p-adic L-functions L
geo
C (f, g) does not have a simple
description (as far as we are aware).
ii) It follows from [BLLV19, Appendix] that IC is a product of powers of Tw
−iX,
i = 0, 1, . . . , kf + kg + 1.
iii) Consider the special case when C = Cω. Since {ωf⋆ ⊗ ωg⋆ , ωf⋆ ⊗ ϕ(ωg⋆)} is an
O-basis of Dcris(F−R∗f ⊗R
∗
g), it follows from [PR94, §3.4] that
det
(
Im
(
L
(α,α)
f,g ⊕ L
(α,β)
f,g
))
=
1
detQg
kg∏
i=0
(
logp
logp χ(Γcyc)
− i
)
ΛO(Γcyc)
=
logp,kg+1
pkg+1 detQg
ΛO(Γcyc).
Hence, we deduce from the last assertions of Propositions 2.2.15 and 2.4.6 that
IC =
logp,kg+1
pkg+1 detMg
ΛO(Γcyc) = δkg+1ΛO(Γcyc).
In view of Proposition 3.3.5 (which tells us that Dg ∈ ΛO(Γ1)×) and Re-
mark 3.3.8(i), Conjecture 4.2.1 can be rephrased as the conjectural identity
(4.1) charΛO(Γ1)eθSelGr(T
∨
f,g(1)/Q(µp∞))
?
=
(
eθ̟
s(g)Lgeop (f, g)
)
for every character θ of ∆.
We finish this chapter by stating a two-variable (Λf(Γ1)-adic) Iwasawa main
conjecture.
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Definition 4.2.3. Suppose M is a finitely generated torsion Λf(Γ1)-module.
We define its characteristic ideal on setting
charΛf(Γ1)(M) :=
∏
P
P lengthΛf(Γ1)P (MP ),
where the product runs over all height-one primes of Λf(Γ1).
Conjecture 4.2.4. Suppose that either (FLg) or (Sg) holds and that (Reg)
holds. For any character θ of ∆, the Λf(Γ1)-module eθSelCω(T
∨
f,g(1)/Q(µp∞))
∨ is
torsion. Furthermore,
charΛf(Γ1)eθSelCω (T
∨
f,g(1)/Q(µp∞))
∨ = (eθ̟
s(g)Lgeop (f, g)/ICω .
Remark 4.2.5. By Corollary 4.1.6 and Remarks 3.3.8(ii) and 4.2.2(iii), Con-
jecture 4.2.4 is equivalent to the assertion that
charΛf(Γ1)eθSelGr(T
∨
f,g(1)/Q(µp∞))
∨ = (eθ̟
s(g)Lgeop (f, g)) .
CHAPTER 5
Applications towards main conjectures
We now employ the bounded Beilinson–Flach elements we have constructed
in §3.1 to show that one inclusion in the Main Conjectures 4.2.1 and 4.2.4 holds
true (under mild hypotheses concerning the images of the Galois representations
under consideration). In §5.3, we discuss implications of these results towards main
conjectures for Rankin–Selberg convolutions f/K ⊗ ψ where K is an imaginary
quadratic field in which p remains inert and ψ is an algebraic Hecke character of
K.
5.1. Cyclotomic main conjectures for f ⊗ g
Let f ∈ Skf+2(Γ1(Nf )) and g ∈ Skg+2(Γ1(Ng)) be primitive eigenforms as in
§1.1, where Nf and Ng are coprime and kf > kg ≥ 0. We recall also that we are
working under the assumption that f is p-ordinary and g is non-p-ordinary (relative
to the embedding ιp).
Recall the Galois representation Tf,g = R
∗
f ⊗ R
∗
g, which is a free O-module of
rank 4, where O is the ring of integers of a finite extension L of Qp containing the
images ιp(Kf ) and ιp(Kg) of the Hecke fields of f and g, as well as the roots of the
Hecke polynomials of f and g at p.
Suppose throughout §5.1 that the residual representations ρf associated to f
is absolutely irreducible. Assume in addition that at least one of the following
conditions holds true:
(Irr1) p > kg + 1 .
(Irr2) ap(g) = 0, kg ∈ [p+ 1, 2p− 2] .
(Irr3) ap(g) = 0, p+ 1 ∤ kg + 1 and kg ≥ 2p− 1.
Remark 5.1.1. We note that any one of the hypotheses (Irr1)–(Irr3) guaran-
tees that ρg|GQp is absolutely irreducible; c.f. [Edi92] in the situation of (Irr1) and
[Ber10, Théorème 3.2.1] in the remaining cases. Since ρf |GQp (and therefore, also
ρf |GQp ⊗ ω) is reducible, we conclude that neither ρf |GQp nor ρf |GQp ⊗ ω
−1 is iso-
morphic to ρ∨g |GQp granted the truth of either one of the hypotheses (Irr1)–(Irr3).
This in turn ensures the validity of the following “non-anomality” condition:
H0(Qp, T f,g) = 0 = H
2(Qp, T f,g) .
We consider the following big image condition.
(τf⊗g) There exists τ ∈ Gal(Q/Q(µp∞)) such that Tf,g/(τ − 1)Tf,g is a free O-
module of rank 3.
Our main result towards the validity of cyclotomic main conjectures for the
Rankin–Selberg convolution f ⊗ g is the following:
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Theorem 5.1.2. Suppose that the residual representation ρf is absolutely ir-
reducible. Assume also that one of the hypotheses (Irr1)–(Irr3) as well as the
condition (τf⊗g) hold true. Then for any character θ of ∆ we have the following
containment in the Iwasawa main conjecture (4.1):
eθ̟
s(g)Lgeop (f, g) ∈ charΛO(Γ1)eθ
(
SelGr(T
∨
f,g(1)/Q(µp∞))
∨
)
,
where the integer s(g) is given as in the statement of Theorem 3.1.4.
Proof. Given the locally restricted Euler system {̟s(g)BFα,∗f,g,m}m∈N of signed
Beilinson–Flach elements (c.f. §3.1), where
• α = αf is the root of the Hecke polynomial of f at p such that ιp(α) is a
p-adic unit,
• ∗ ∈ {#, ♭} if (Irr1) holds and ∗ ∈ {+,−} if (Irr2) or (Irr3) holds,
the proof of this theorem is identical to the proof of [BLLV19, Theorem 6.2.4], in
view of Corollary 4.1.6 (which identifies the signed Selmer group with the Greenberg
Selmer group) and Remark 3.3.8 (which compares the signed p-adic L-functions to
the geometric Rankin–Selberg p-adic L-function).
We recall that this argument builds on the locally restricted Euler system ma-
chinery developed in [BL15, Appendix A] (more specifically, the conclusion of
Theorem A.14 in op. cit.; see also [Büy09, Büy10, Büy14b, Büy18] for ear-
lier incarnations and applications of this machinery in a variety of contexts). We
note that the adjective “locally restricted” refers to the p-local property (3.7) of the
classes {BFα,∗f,g,m}m, which asserts that
locp
(
BFα,∗f,g,m
)
∈ ker
(
Col
(α,∗)
f,g,m
)
.

Remark 5.1.3.
i) By the explicit reciprocity law of Loeffler–Zerbes [LZ16, Theorem 9.3.2], the p-
adic L-function Lgeop (f, g) evaluated at χ
j equals (up to explicit fudge-factors) the
complex L-value L(f, g, 1 + j) whenever kg < j ≤ kf . If j >
kf + kg + 1
2
, then
1 + j falls within the range of absolute convergence for L(f, g, s). Hence, we have
L(f, g, 1 + kf ) 6= 0 when kf − kg ≥ 3. It is also easy to see in that case that the
explicit fudge-factors are non-vanishing as well. In particular, Lgeop (f, g) 6= 0.
ii) We have proved in Theorem 5.1.2 one inclusion of Conjecture 4.2.1 with the
choice of C = Cω. The same proof can be carried over to the other choices of C in
Conjecture 4.2.1 without any difficulties.
5.2. Cyclotomic main conjectures for f⊗ g
Suppose that the newform g ∈ Skg+2(Γ1(Ng)) is as in §5.1. We let f denote the
primitive Hida family of tame level Nf (where we still assume that Nf is coprime
to Ng), whose basic properties were outlined in §§1.1 and 2.3.
Recall that Λf stands for the branch of Hida’s universal (ordinary) Hecke alge-
bra. Without loss of generality, we may (and will) assume that Λf contains O as a
subring. We assume that Λf is a regular ring (c.f., Remark 3.3.2).
Recall the Galois representation Tf,g = R
∗
f
⊗ R∗g, which is a free Λf-module of
rank 4. We consider the following big image condition on the representation Tf,g.
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(τf⊗g) There exists τ ∈ Gal(Q/Q(µp∞)) such that Tf,g/(τ − 1)Tf,g is a free Λf-
module of rank 3.
Our main result towards the validity of cyclotomic main conjectures for the
family f⊗ g of Rankin–Selberg convolutions is the following:
Theorem 5.2.1. Suppose that the residual representation ρf associated to f is
absolutely irreducible. Assume also that one of the hypotheses (Irr1)–(Irr3) as well
as the condition (τf⊗g) hold true. For any character θ of ∆, we have the following
containment in Conjecture 4.2.4 up to µ-invariants:
eθ L
geo
p (f, g) ∈ charΛO(Γ1)eθ
(
SelGr(T
∨
f,g(1)/Q(µp∞))
∨
)
⊗O L .
Proof. Let us fix θ as in the statement of our theorem and assume eθL
geo
p (f, g) 6=
0 without loss of generality, since there is nothing to prove otherwise. Put L :=
̟µ1eθL
geo
p (f, g) where µ1 is the unique natural number with L ∈ Λf(Γ1) \̟Λf(Γ1).
Let us also choose an element S ∈ Λf(Γ1) \̟Λf(Γ1) such that
̟µ2Λf(Γ1)S = charΛf(Γ1)eθ
(
SelGr(T
∨
f,g(1)/Q(µp∞))
∨
)
for some suitable choice of a natural number µ2. We contend to prove that S | L,
using the conclusion of Theorem 5.1.2 for varying f and the divisibility criterion
established in Appendix A. This will in turn prove that
(5.1) eθ̟
µ2−µ1Lgeop (f, g) ∈ charΛO(Γ1)eθ
(
SelGr(T
∨
f,g(1)/Q(µp∞))
∨
)
.
We will see along the way µ2 ≤ µ1 + s(g). This combined with (5.1) will verify the
required containment.
Let us choose any sequence {Pi = ker(κi)}∞i=1 ⊂ Spec(Λf) of distinct height-
one primes of Λf, where each κi : Λf → O is an O-valued crystalline specialization
of weight ≥ 0 (in the sense that the overconvergent eigenform f(κi) is a classical
eigenform which is p-old and has weight ≥ 2). For each positive integer i, let us
put Li := κi(L) ∈ ΛO(Γ1) and similarly define Si ∈ ΛO(Γ1).
Let us fix an index i. We will explain that
̟µ2Si divides charΛO(Γ1)eθ
(
SelGr(T
∨
f(κi),g
(1)/Q(µp∞))
∨
)
.
It follows from [MR04, Lemma 3.5.3] that
SelGr(T
∨
f,g(1)/Q(µp∞))
∨
/
Pi SelGr(T
∨
f,g(1)/Q(µp∞))
∨ ∼→ SelGr(T
∨
f(κi),g
(1)/Q(µp∞))
∨ .
We therefore infer that
charΛO(Γ1)eθ
(
SelGr(T
∨
f,g(1)/Q(µp∞))
∨[Pi]
)
· (̟µ2Si)
= charΛO(Γ1)eθ
(
SelGr(T
∨
f(κi),g
(1)/Q(µp∞))
∨
)
,
in particular, also that
(5.2) ̟µ2Si | charΛO(Γ1)eθ
(
SelGr(T
∨
f(κi),g
(1)/Q(µp∞))
∨
)
.
Observe also that
(5.3) ̟µ1Li = eθL
geo
p (f(κi), g)
by definition.
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Under the assumptions of our theorem, the hypotheses of Theorem 5.1.2 are
valid with the choice f = f(κi), for any positive integer i. It follows from Theo-
rem 5.1.2 (applied with f = f(κi))
charΛO(Γ1)eθ
(
SelGr(T
∨
f(κi),g
(1)/Q(µp∞))
∨
)
| eθ̟
s(g)Lgeop (f(κi), g) .
This, combined with (5.2) and (5.3), allows us to conclude that̟µ2Si | ̟s(g)+µ1Li.
Since µ-invariants of Li and Si are both zero (by definition), it follows that µ2 ≤
s(g) + µ1, and also that
(5.4) Si | Li .
Wemay now use Proposition A.0.1 (with the choicesR = Λf(Γ1), R0 := Zp[[1+pZp]]
the weight space, ι0 : R0 → Λf → R the structure map and F = S, G = L), we
conclude that S | L, as required. 
5.3. Main conjectures over an imaginary quadratic field where p is inert
In this subsection, we shall discuss the consequences of Theorem 5.1.2 and
Theorem 5.2.1 to the Iwasawa theory for GL2 ×GL1/K , where K is an imaginary
quadratic field where p is inert. Fix such an imaginary quadratic number field K
and let ΓK = Gal(K∞/K) denote the Galois group of the unique Z
2
p-extension of
K.
To that end, we shall pick an eigenform g which has CM by K and has weight
kg +2 ≥ 2. As such, g arises as the theta-series of an A0-type Hecke character ψ of
K. As a start, in §5.3.2, we shall recast (in Theorem 5.3.5 and Theorem 5.3.6) our
Theorems 5.1.2 and 5.2.1 above as results towards the cyclotomic main conjectures
for the Rankin–Selberg products f/K⊗ψ and f/K⊗ψ of the base change of a (family
of) non-CM form(s) to K and the Hecke character ψ.
In §5.3.3, we explain how to interpolate the conclusions of Theorem 5.3.6 under
a very natural assumption (which we verify granted the existence of a rank-2 Euler
system in the present setting in Section 3.2) to a divisibility statement in the Iwa-
sawa main conjectures over Λf(ΓK); see Theorem 5.3.11 for our main result in this
direction. Utilizing the descent formalism of [BL20a, §5.3.1] (which relies crucially
on the work of Nekovář [Nek06]), we shall obtain divisibilities in both “definite”
and “indefinite” Iwasawa main conjectures over Λf(Γac), where Γac := Gal(Kac/K)
is the Galois group of the anticyclotomic Zp-extension Kac/K.
5.3.1. The setting. Let DK denote the discriminant of the imaginary qua-
dratic number field K which we have fixed above, and let OK denote its ring of
integers. We let
ψ : A×K/K
× −→ C×
denote an A0-type Hecke character with infinity type (0, kg+1) (where kg is a nat-
ural number) and conductor f, where f is coprime to p. We let ψ̂ denote the Galois
character associated (via the geometrically normalized Artin map of global class
field theory) to the p-adic avatar of ψ. We say that ψ is a crystalline Hecke char-
acter to mean that ψ̂ is crystalline at p. In §5.3.2, we will work with a fixed choice
of crystalline ψ, whereas in §§5.3.3–5.3.6, we will allow ψ vary among crystalline
Hecke characters (but keeping f fixed) to prove our main results.
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We put
θ(ψ) :=
∑
(a,f)=1
ψ(a)qNa ∈ Skg+2(Γ1(Ng))
where Ng = |DK |Nf. In what follows, we shall replace g in §5.1 with θ(ψ). Note
that since we have assumed that p is inert in K/Q, it follows that ap(θ(ψ))) = 0,
i.e., the eigenform θ(ψ) is indeed p-non-ordinary.
Definition 5.3.1. Let us define the Dirichlet character εψ on setting
εψ := ǫKψ|
A
×
Q
N−kg−1
where N is the norm character on A×Q and ǫK is the quadratic character associated
to K/Q. Then εψ is the nebentype character of the cuspidal eigen-newform θ(ψ).
Let εf denote the nebentype of the eigenform f (as well as the Hida family f we
have fixed).
We let f ∈ Skf+2(Γ1(Nf ), εf ) be a primitive eigenforms as in §1.1, where Nf
and Ng are coprime and kf > kg. We recall also that we are working under the
assumption that f is p-ordinary; we denote by fα its p-ordinary specialization.
Thanks to our assumptions that f, DK and Nf are pairwise coprime, observe that
εψεf can never be the trivial character.
We now let O be the ring of integers of a finite extension Frac(O) of Qp con-
taining the images ιp(Kf) and ιp(ψ(A
×
K)) of the Hecke fields, as well as the roots
of the Hecke polynomials of f and θ(ψ) at p.
As before, we let Λf denote the branch of Hida’s universal (ordinary) Hecke
algebra which admits fα as a specialization. We again assume (without loss of
generality) that Λf contains O as a subring and that Λf is a regular ring (c.f.,
Remark 3.3.2).
We assume throughout §5.3 that the residual representation ρf = ρf is irre-
ducible. The Galois representation Tf,θ(ψ) := R
∗
f ⊗R
∗
θ(ψ), which is a free O-module
of rank 4, can be (and will be) identified with IndK/QTf,ψ, where Tf,ψ := R
∗
f ⊗ ψ̂
−1.
We set Tcycf,ψ := Tf,ψ ⊗ ΛO(Γ1)
ι, where ΛO(Γ1)
ι is the ΛO(Γ1)-module of rank
one on which GK acts via the character GK ։ Γ1
γ 7→γ−1
−−−−−→ Γ1 →֒ ΛO(Γ1)×,
and where GK acts on this tensor product diagonally. We similarly define T
cyc
f,ψ .
We analogously define the “big” Galois representations Tacf,ψ := Tf,ψ ⊗ ΛO(Γac)
ι,
TKf,ψ := Tf,ψ ⊗ ΛO(ΓK)
ι as well as Tac
f,ψ and T
K
f,ψ.
We next define the Selmer complexes associated to these GK-representations.
We will choose to work with these Selmer complexes (rather than their classical
counterparts, the Greenberg Selmer groups) due to the utility of Nekovář’s base
change and descent formalism (which we shall crucially rely on in §§5.3.3–5.3.6).
Definition 5.3.2. Let Σ denote the set of places of K which divide pfNf |DK |∞.
In what follows, ? stands for any one of the symbols {ac, cyc,K}. The complex
R˜Γf(GK,Σ,T
?
f,ψ; ∆Gr) ∈ Dft(ΛO(Γ?)Mod)
is the Greenberg Selmer complex given by the local conditions which are unramified
for all primes in Σ that are coprime to p, and which is given by the strict Greenberg
conditions with the choice
j+p : F
+T?f,ψ := F
+R∗f ⊗ ψ̂
−1 ⊗ ΛO(Γ?)
ι −→ T?f,ψ
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at the unique prime of K above p (which we shall abusively denote by p as well).
We shall denote its cohomology by H˜•f (GK,Σ,T
?
f,ψ; ∆Gr).
We similarly define the complex R˜Γf(GK,Σ,T
?
f,ψ; ∆Gr) as well as its cohomology
groups H˜•f (GK,Σ,T
?
f,ψ; ∆Gr).
Let us denote the set of places of Q that lie below the set Σ also with Σ. At-
tached to the GQ,Σ-representation Tf,θ(ψ), we may similarly define a Selmer complex
R˜Γf(GQ,Σ, Tf,θ(ψ); ∆Gr) given by the local conditions which are unramified for all
primes in Σ that are coprime to p, and which is given by the strict Greenberg
condition with the choice
j+p : F
+Tf,θ(ψ) := F
+R∗f ⊗R
∗
θ(ψ) −→ Tf,θ(ψ)
at p. Shapiro’s lemma then induces an isomorphism
S : R˜Γf(GQ,Σ, Tf,θ(ψ); ∆Gr)
∼
−→ R˜Γf(GK,Σ, Tf,ψ; ∆Gr) .
Proposition 5.3.3. Let us denote by 1 the trivial character of ∆. We have,
e1 charΛO(Γcyc)
(
SelGr(T
∨
f,θ(ψ)(1)/Q(µp∞))
∨
)
= charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψ; ∆Gr)
ι
)
.
Proof. By control theorems and the isomorphism S induced by Shapiro’s
lemma, it suffices to prove that
|SelGr(T
∨
f,θ(ψ)(1 + η)/Q(µp∞))
∨| = |H˜2f (GK,Σ, T
cyc
f,ψη; ∆Gr)|
for infinitely many characters η of Γ1. This fact was proved in [BL20a], Lemma
5.7 and Lemma 5.8. Note that the set up in op. cit. a priori requires p be split
in K/Q, but this assumption plays no role in the proofs of Lemma 5.7 and Lemma
5.8. It is also worth noting we are using the fact that η ◦ ι = η−1 (and this is the
reason for the use of the twisted Γ1-action in the definitions of T
cyc
f,χ). 
Definition 5.3.4. We set
LRSp (f/K ⊗ ψ) := e1L
geo
p (f, θ(ψ)) ∈ ΛO(Γ1)
and similarly define LRSp (f/K ⊗ ψ) ∈ Λf(Γ1).
5.3.2. Cyclotomic main conjectures in the inert case. We consider the
following big image condition:
(Full) SL2(Fp) ⊂ ρf(GQ(µp∞ )) .
In Theorem C.2.4, we explain that the condition (Full) together with the assump-
tion that p ≥ 7 is sufficient to ensure the validity of the hypothesis (τf⊗g) when
g = θ(ψ).
The following divisibility statement in the cyclotomic main conjecture for the
Rankin–Selberg product f/K ⊗ ψ is a reformulation of Theorem 5.1.2, in view of
Proposition 5.3.3 and Definition 5.3.4. Note also that the hypothesis that kg 6= p−1
and p+ 1 ∤ kg + 1 guarantees that one of (Irr1)–(Irr3) holds true.
Theorem 5.3.5. Suppose that ρf is absolutely irreducible as well as that kg 6=
p− 1 and p+ 1 ∤ kg + 1. Assume also that p ≥ 7 and (Full) holds true. Then,
̟s(g)LRSp (f/K ⊗ ψ) ∈ charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψ; ∆Gr)
ι
)
.
Using Theorem 5.3.5 as fα varies in the Hida family f, we have the following
divisibility statement in the cyclotomic main conjecture for the family f/K ⊗ ψ:
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Theorem 5.3.6. Suppose that ρf is absolutely irreducible, as well as that kg 6=
p− 1 and p+ 1 ∤ kg + 1. Assume also that p ≥ 7 and (Full) holds true. Then,
̟s(ψ)LRSp (f/K ⊗ ψ) ∈ charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψ ; ∆Gr)
ι
)
where s(ψ) = s(θ(ψ)) is given as in Theorem 3.1.4.
Proof. The proof of this theorem is formally identical to the proof of Theo-
rem 5.2.1 and we shall only provide a brief sketch.
As in the proof of Theorem 5.2.1, one relies on the divisibility criterion Propo-
sition A.0.1 and the control theorem for Nekovář’s extended Selmer groups (c.f.,
[Nek06], Corollary 8.10.2) to reduce to the validity of Theorem 5.3.5 for infinitely
many crystalline specializations f. Thanks to our running assumptions, this holds
true. 
Remark 5.3.7. We will use Proposition A.0.1 to patch the conclusions of The-
orem 5.3.6 as ψ varies among crystalline Hecke characters (with conductor dividing
fp∞) to a statement towards a 3-variable main conjecture over Λf(ΓK), assuming
in addition that the integers s(ψ) that appear in the statement of Theorem 5.3.6
are uniformly bounded as ψ varies (see §5.3.3 where we employ this idea; see also
§§5.3.5–5.3.6 for applications in the anticyclotomic main conjectures in the inert
case, both in the definite and the indefinite setting).
We recall that by Corollary 3.2.4, the exponents s(ψ) are uniformly bounded
as ψ varies, granted the existence of a rank-2 Euler system that the Perrin-Riou
philosophy predicts.
Remark 5.3.8. In contrast to the discussion in Remark 5.3.7, the conclusions
of Theorem 5.3.5 as ψ varies among crystalline Hecke characters (with fixed con-
ductor dividing fp∞) cannot be patched to a statement towards a 2-variable main
conjecture over ΛO(ΓK), since there are only finitely many ψ verifying the condi-
tions of Theorem 5.3.5, as this theorem requires kg < kf . This is primarily the
reason for our emphasis on the signed-splitting procedure for Beilinson–Flach ele-
ments for families (c.f. §3.1) and on Theorem 5.3.6.
5.3.3. Results on the 3-variable main conjectures over an imaginary
quadratic field where p is inert. Let us fix a ray class character χ of K with
conductor dividing fp∞ (where we assume that f is as before) and order coprime to
p. We assume that χ̂|GQ
p2
6= χ̂c|GQ
p2
; in particular, the conductor of χ is necessarily
divisible by p. Note that Qp2 stands for the completion of K at its unique prime
above p. Let us denote by
Ψ : GK ։ ΓK
γ 7→γ−1
−−−−−→ ΓK →֒ ΛO(ΓK)
×
Ψ1 : GK ։ Γ1
γ 7→γ−1
−−−−−→ Γ1 →֒ ΛO(Γ1)
×
the tautological characters. Put χ := χ̂Ψ and rχ := IndK/Qχ.
Definition 5.3.9. Let us fix an O-valued character ρ of ΓK. Denote by xρ :
ΛO(ΓK) → ΛO(Γ1) the unique homomorphism of O-algebras which induces the
isomorphism
Ψ⊗xρ ΛO(Γ1)
∼
−→ ρ−1 ⊗Ψ1 .
In explicit terms, xρ(γ) = ρ(γ)Ψ1(γ) for every γ ∈ ΓK. We let Xρ := ker(xρ) ⊂
ΛO(ΓK) denote the corresponding height-one prime ideal.
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Suppose ψ is a crystalline Hecke character as before, with the additional re-
quirement that χ̂ψ factors through ΓK . We will repeatedly make use of the following
observation:
(5.5) χ ⊗x
χ̂ψ
ΛO(Γ1) = χ̂Ψ ⊗x
χ̂ψ
ΛO(Γ1)
∼
−→ χ̂⊗ χ̂ψ
−1
⊗Ψ1 = ψ̂
−1 ⊗Ψ1 .
Given ρ as in Definition 5.3.9, we shall also denote the induced homomorphism
Λf(ΓK)→ Λf(Γ1) by the same symbol xρ.
Remark 5.3.10. Since Xρ is a height-one prime of the regular ring ΛO(ΓK),
it is principal. In this remark, we will describe a certain generator of Xρ, which
will be useful in what follows.
We first describe the kernel of the natural continuous surjection of O-algebras
(5.6) x0 : ΛO(ΓK) −→ ΛO(Γ1),
which is also a height-one (therefore principal) prime ideal of ΛO(ΓK). Let verac :
Γac → ΓK be the verschiebung map, given by γ 7→ γ̂c−1, where γ̂ ∈ ΓK is any lift of
γ ∈ Γac and c is the generator of Gal(K/Q). Let us put γ0 = verac(γac), where γac is
a topological generator of Γac. Then x0(γ0) = 1 and hence (γ0−1) ⊂ ker(x0). Since
both ker(x0) and (γ0 − 1) are height one primes, it follows that ker(x0) = (γ0 − 1).
Abusing the language, we shall also put x0 := γ0 − 1.
Fix now an O-valued character ρ of ΓK as in Definition 5.3.10. We will con-
sider the topological sub-algebra O[[γ0−1]] = O[[x0]] ⊂ ΛO(ΓK), with its prime ideal
generated by fρ := γ0 − ρ(γ0) ⊂ O[[x0]]. We will also regard ρ as a ring homomor-
phism O[[x0]] → O, given by γ0 7→ ρ(γ0). Via the containment O[[x0]] ⊂ ΛO(ΓK),
we may and will treat fρ as an element of ΛO(ΓK).
We next check that Xρ ⊂ ΛO(ΓK) is generated by fρ. To see that, we first
observe that
ρΨ1(γ0 − ρ(γ0)) = ρΨ1(γ0)− ρ(γ0) = ρ(γ0)Ψ(γ0)− ρ(γ0) = 0 ,
which means that fρ = γ0 − ρ(γ0) ∈ ker(xρ) = Xρ. Since both (fρ) and Xρ are
height-one primes of ΛO(ΓK) and (fρ) ⊂ Xρ, it follows that (fρ) = Xρ, as required.
We consider the following uniform boundedness condition on the variation of
the possible denominators s(ψ) as the Hecke character ψ varies:
(Bdds(ψ)) There exists a sequence of crystalline Hecke characters ψi such that the
Galois characters χ̂ψi factor through ΓK , and the infinity type of ψi equals
(0, ki + 1) where ki ∈ N and ki →∞ as i→∞ for which the collection of
integers {s(ψi)} is bounded independently of i.
We recall that by Corollary 3.2.4, the condition (Bdds(ψ)) holds true granted the
existence of a rank-2 Euler system that the Perrin-Riou philosophy predicts.
Theorem 5.3.11. Suppose χ is a ray class character as above and assume that
ρ
f
is absolutely irreducible.
i) There exists an element LRSp (f/K ⊗ χ) ∈ Λf(ΓK) with the following interpolation
property: For any crystalline Hecke character ψ as in §5.3.1 and such that χ̂ψ
factors through ΓK , we have
x
χ̂ψ
(
LRSp (f/K ⊗ χ)
)
= LRSp (f/K ⊗ ψ) ,
where the specialization map x
χ̂ψ
is the one described in Definition 5.3.9.
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ii) Assume that p ≥ 7 as well as that the conditions (Full) and (Bdds(ψ)) hold
true. We then have the following containment in the Iwasawa main conjecture for
the family f/K ⊗ χ of Rankin–Selberg products:
(5.7) LRSp (f/K ⊗ χ) ∈ charΛf(ΓK)
(
H˜2f (GK,Σ,T
K
f,χ; ∆Gr)
ι
)
⊗Zp Qp .
In particular, the containment (5.7) holds assuming only p ≥ 7 and the validity
of (Full), if Conjecture 3.2.1 (on the existence of rank-2 Euler systems) holds true.
Proof of Theorem 5.3.11.
i) The existence of LRSp (f/K ⊗ χ) is an almost direct consequence of the recent
work [Loe20], extending the results of op. cit. slightly to construct a p-adic L-
function
LRSp (f/K ⊗ ρ
univ
rχ ) ∈ Λf ⊗̂R
univ(rχ)
where rχ := IndK/Q χ
−1 and ρunivrχ is the minimally ramified universal deformation
representation, and where Runiv(rχ) is the minimally ramified universal deformation
ring of rχ. This construction is carried out in detail (following Loeffler’s work very
closely) in Appendix B. The key point is that our running assumptions on χ imply
that
• The representations rχ |GQ(µp) and rχ |GQp are both absolutely irreducible
(since we assumed that χ 6= χc and that the order of χ is prime to p);
• the lift rχ = IndK/Q χ is minimally ramified (since we assumed that the
order of χ is prime to p).
The second property induces (by the universality of ρunivrχ ) a continuous ring ho-
momorphism φχ : R
univ(rχ) → ΛO(ΓK) and the p-adic L-function LRSp (f/K ⊗ χ) is
defined as the image of LRSp (f/K ⊗ ρ
univ
rχ ) under the map id⊗ φχ : Λf⊗̂R
univ(rχ)→
Λf(ΓK).
ii) The proof of this portion is very similar to the proof of Theorem 5.2.1. Let
us put L := ̟µ1LRSp (f/K ⊗ χ) where µ1 is the unique natural number with L ∈
Λf(ΓK) \ pΛf(ΓK). Let us also choose an element S ∈ Λf(ΓK) \ pΛf(ΓK) such that
̟µ2Λf(ΓK)S = charΛf(ΓK)
(
H˜2f (GK,Σ,T
K
f,χ; ∆Gr)
ι
)
for the suitable choice of a (uniquely determined) natural number µ2. Let us put
s := sup∞i=1{s(ψi)}, where ψi are the Hecke characters given as in the statement
of our theorem. We will prove that S | L, using the conclusion of Theorem 5.3.6
applied with ψ = ψi and the divisibility criterion established in Appendix A. This
will in turn prove the validity of the containment in the statement of our theorem.
As in Remark 5.3.10 (whose notation we shall adopt in the remainder of this
proof), we will consider the topological subring O[[x0]] ⊂ ΛO(ΓK), together with
its sequence of prime ideals generated by x0 − ρi(x0) ⊂ O[[x0]], where we have put
ρi := χ̂ψi (likewise fi = fρi := x0 − ρi(x0), xi = xρi : ΛO(ΓK) → ΛO(Γ1) and
Xi = Xρi ⊂ ΛO(ΓK)) to ease notation. As before, we shall also denote by xi the
ring map
(5.8) Λf(ΓK) = Λf⊗̂ΛO(ΓK)
id⊗xi−−−−→ Λf(Γ1)
as well as its kernel (which equals fiΛf(ΓK) = XiΛf(ΓK)) also by Xi. Let us write
Li := xi(L) ∈ Λf(Γ1) and similarly Si := xi(S). Recall that the morphisms (5.8)
54 5. APPLICATIONS TOWARDS MAIN CONJECTURES
induce the morphisms of GK-representations
(5.9) xi : T
K
f,χ −→ T
cyc
f,ψi
,
Let us fix an index i. It follows from the control theorem for Selmer complexes
[Nek06, Corollary 8.10.2] that
H˜2f (GK,Σ,T
cyc
f,χ ; ∆Gr)
ι
/
Xi H˜
2
f (GK,Σ,T
cyc
f,χ ; ∆Gr)
ι ∼−→ H˜2f (GK,Σ,T
cyc
f,ψi
; ∆Gr)
ι .
We therefore infer that
charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,χ ; ∆Gr)
ι[Xi]
)
· (̟µ2Si)
= charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψi
; ∆Gr)
ι
)
,
in particular, also that
(5.10) ̟µ2Si | charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψi
; ∆Gr)
ι
)
as we contended to prove. Moreover, we have
(5.11) ̟µ1Li = L
RS
p (f/K ⊗ ψi)
thanks to the interpolative property of the universal (geometric) p-adic L-function
LRSp (f/K ⊗ χ).
Under the assumptions of our theorem, the hypotheses of Theorem 5.3.6 are
valid with the choice ψ = ψi, for any positive integer i. It follows from Theo-
rem 5.3.6 (applied with ψ = ψi)
charΛO(Γ1)
(
H˜2f (GK,Σ,T
cyc
f,ψi
; ∆Gr)
ι
)
| ̟sLRSp (f/K ⊗ ψi) .
This, combined with (5.2) and (5.3), allows us to conclude that ̟µ2Si | ̟s+µ1Li.
Since µ-invariants of Li and Si are both zero (by definition), it follows that µ2 ≤
s+ µ1, and also that
Si | Li .
We may now use Proposition A.0.1 (with the choices R = Λf(ΓK) and R0 :=
Zp[[γ0 − 1]] given as in Remark 5.3.10 and F = S, G = L), we conclude that S | L,
as required. 
Corollary 5.3.12. In the situation of Theorem 5.3.11(ii), the Λf(ΓK)-module
H˜2f (GK,Σ,T
K
f,χ; ∆Gr) is torsion and H˜
1
f (GK,Σ,T
K
f,χ; ∆Gr) = 0.
Proof. By the global Euler–Poincaré characteristic formula, the Λf(ΓK)-module
H˜2f (GK,Σ,T
K
f,χ; ∆Gr) is torsion if and only if H˜
1
f (GK,Σ,T
K
f,χ; ∆Gr) is. Under our
running assumptions (which guarantee that the residual representation T
K
f,χ is irre-
ducible), the latter condition is equivalent to the vanishing of H˜1f (GK,Σ,T
K
f,χ; ∆Gr).
It therefore suffices to verify the first assertion.
In view of Theorem 5.3.11, it suffices to show that LRSp (f/K ⊗ χ) 6= 0. Thanks
to its interpolation property, one reduces to checking that the complex L-function
L(f(κ)⊗g, 1+j) does not vanish for at least one choice of a crystalline specialization
κ, a crystalline Hecke character ψ of infinity type (0, kg + 1) (g = θ(ψ)) such that
χ̂ψ factors through ΓK , and an integer j with kg + 1 ≤ j ≤ κ. This obviously
can be arranged, e.g. making sure that 1 + j falls within the range of absolute
convergence. 
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5.3.4. Anticyclotomic main conjectures in the inert case: general set
up. In this section, we will descend our Theorem 5.3.11 to the anticyclotomic tower,
using the formalism in [BL20a, §5.3.1] (which is, essentially, due to Nekovář). In
particular, we continue to work in the setting of §5.3.3 and retain the notation
therein.
Our treatment will naturally break into two threads: The first will concern the
definite case, where we generically have W (f(κ)/K , κ/2) 6= −1 for the global root
number at the central critical points of the crystalline specializations f(κ). The
second will be a treatment of the indefinite case, where we have W (f(κ)/K , κ/2) =
−1. We shall assume throughout §5.3.4 that the nebentype character εf is trivial.
At the expense of ink and space, one could also the more general scenario where
one assumes only that εf admits a square-root. We will also assume that χ is
anticyclotomic, in the sense that χc = χ−1.
The action of Gal(K/Q) on ΓK gives a natural decomposition
(5.12) ΓK = Γ
−
K × Γ
+
K = Γac × Γ1 .
that the action of Gal(K/Q) on ΓK (by conjugation) determines, where Γ
±
K is the
±1-eigenspace for this action. We shall treat both ΛO(Γac) and ΛO(Γ1) both as a
subring and a quotient ring of ΛO(ΓK) via the identification (5.12). Along these
lines, we shall also identify Λf(ΓK) with Λf(Γac)[[Γcyc]].
We put χac := χ⊗ΛO(ΓK) ΛO(Γac) and χ
ι
ac := χ̂
cΨι ⊗ΛO(ΓK) ΛO(Γac).
We define the p-adic L-function LRSp (f/K ⊗ χac) ∈ ΛO(Γac) as the image of
LRSp (f/K ⊗ χ) under the obvious canonical projection. Let us fix a topological
generator γ+ (resp., γ−) of Γ1 (resp., of Γac) such that {γ− × idΓ1 , idΓac × γ+}
topologically generates Γac × Γ1 = ΓK .
Definition 5.3.13. We recall the universal weight character κ : GQ → Λ
×
f
from
Definition 1.5.1. We denote its square-root by κ
1
2 . In what follows, ? ∈ {K, ac}.
i) We let Twf : Λf(Γ?) → Λf(Γ?) denote the Λf-linear morphism induced by γ 7→
κ−
1
2 (γ)γ for each γ ∈ Γ?. We set L†p(f/K ⊗ χ) := Twf(L
RS
p (f/K ⊗ χ)) and similarly
define L†p(f/K ⊗ χac).
ii) We put T†
f,χ := T
K
f,χ(−κ
1
2 ) and set T†
f,χac
:= T†
f,χ ⊗ΛO(ΓK) ΛO(Γac). Observe that
T
†
f,χac
= Tac
f,χ(−κ
1
2 ). We shall call T†
f,χac
the central critical twist of Tac
f,χ . We set
T
†,ι
f,χac
:= T†
f,χac
⊗ΛO(Γac) ΛO(Γac)
ι. Via the decomposition 5.12, we will identify T†
f,χ
with T†
f,χac
⊗̂ΛO(Γac)ΛO(Γcyc) .
Thanks to our running hypothesis that εf = 1, Poincaré duality induces a
perfect pairing4
(5.13) T†
f,χac
⊗ΛO(Γac) T
†,ι
f,χι
ac
−→ ΛO(Γac)(1) ,
namely, the Galois representation T†
f,χac
is conjugate self-dual.
We recall the Selmer complexes R˜Γf(GK,Σ,T
?
f,χ; ∆Gr) (? = ac,K) that we have
introduced in Definition 5.3.2. In an identical manner, we also have the Selmer
complexes
R˜Γf(GK,Σ,T
†
f,χ; ∆Gr) ∈ Dft(Λf(ΓK)Mod)
4In the more general scenario when εf = η
2
f for some Dirichlet character ηf , the same
conclusion is valid if one defines T†
f,χac
:= TK
f,χac
(−κ
1
2 η−1f ).
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R˜Γf(GK,Σ,T
†
f,χac
; ∆Gr) , R˜Γf(GK,Σ,T
†,ι
f,χι
ac
; ∆Gr) ∈ Dft(Λf(Γac)Mod)
whose cohomology groups we denote by H˜•f (GK,Σ,T
†
f,χ; ∆Gr), H˜
•
f (GK,Σ,T
†
f,χac
; ∆Gr)
and H˜•f (GK,Σ,T
†,ι
f,χι
ac
; ∆Gr), respectively. Twisting formalism (c.f., [Rub00], Lemma
6.1.2) shows that
(5.14) Twf
(
char
(
H˜•f (GK,Σ,T
K
f,χ; ∆Gr)
))
= char
(
H˜•f (GK,Σ,T
†
f,χ; ∆Gr)
)
.
Definition 5.3.14. We let
hNek
f,χac : H˜
1
f (GK,Σ,T
†
f,χac
; ∆Gr)⊗ H˜
•
f (GK,Σ,T
†,ι
f,χι
ac
; ∆Gr) −→ Λf(Γac)
denote the Λf(Γac)-adic (cyclotomic) height pairing given as [Nek06, §11.1.4], with
Γ = Γcyc. We define the Λf(Γac)-adic regulator Regf,χac by setting
Regf,χac := charΛf(Γac)
(
coker
(
H˜1f (GK,Σ,T
†
f,χac
; ∆Gr)
adj(hNek
f,χac
)
−−−−−−→ H˜1f (GK,Σ,T
†,ι
f,χι
ac
; ∆Gr)
))
where adj denotes adjunction. Note that Reg
f,χac is non-zero if and only if h
Nek
f,χac
is
non-degenerate.
5.3.5. Anticyclotomic main conjectures: definite/inert case. We re-
tain the notation and hypotheses of §5.3.4. Let us write Nf = N
+N− where N+
(resp., N−) is divisible by only those primes which split (resp., remain inert) in
K/Q. We assume in §5.3.5 that N− is a square-free product of an odd number of
primes (this is what we refer to as the definite case).
Theorem 5.3.15. Suppose χ is a ring class character such that χ̂|GQp
6= χ̂c|GQp
.
Assume that the following conditions hold true:
• p ≥ 7 and the condition (Full) holds true.
• (Bdds(ψ)) is valid.
Then the Λf(Γac)-module H˜
2
f (GK,Σ,T
†
f,χac
; ∆Gr) is torsion and the following con-
tainment in the anticyclotomic Iwasawa main conjecture for the family f/K ⊗ χac
holds:
(5.15) L†p(f/K ⊗ χac) ∈ charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
)
⊗Zp Qp .
We recall that by Corollary 3.2.4, the condition (Bdds(ψ)) holds true granted
the existence of a rank-2 Euler system that the Perrin-Riou philosophy predicts.
Proof of Theorem 5.3.15. It follows from the fundamental base change
property for Selmer complexes [Nek06, Corollary 8.10.2], it follows that
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
/
(γcyc − 1)H˜
2
f (GK,Σ,T
†
f,χ; ∆Gr)
∼
−→ H˜2f (GK,Σ,T
†
f,χac
; ∆Gr) .
Thence, if we let πac : Λf(ΓK) → Λf(Γac) denote the canonical morphism, we
conclude that
charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι[γcyc − 1]
)
· πac charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι
)
= charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
)
.
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We deduce using this together with Theorem 5.3.11(ii) combined with (5.14) and
the definition of L†p(f/K ⊗ χac) that
L†p(f/K ⊗ χac) · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι[γcyc − 1]
)
⊂ charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
)
⊗ Qp .
(5.16)
Under our running hypothesis, [Hun17, TheoremC] shows that L†p(f/K⊗χac) 6=
0. This also shows (again using Theorem 5.3.11(ii) together with (5.14) and the
definition of L†p(f/K ⊗ χac))
(5.17) γcyc − 1 ∤ charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι
)
,
which in turn shows that the Λf(Γac)-module H˜
2
f (GK,Σ,T
†
f,χ; ∆Gr)
ι[γcyc − 1] is tor-
sion and therefore,
charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι[γcyc − 1]
)
6= 0 .
This fact combined with (5.16) shows that charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
)
6= 0,
thence also that the Λf(Γac)-module H˜
2
f (GK,Σ,T
†
f,χac
; ∆Gr) is torsion. This con-
cludes the proof of our first assertion.
We now prove the containment (5.15), which is an improved version of (5.16).
The proof of [BL20a, Theorem 5.32(ii)] (which builds on Proposition 5.24 in op.
cit., which itself is a translation of the general results in [Nek06], §11.7.11) applies
verbatim to show that
(5.18)
πac charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι
)
= charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
)
.
We note that our morphism πac coincides with ∂
∗
cyc in op. cit. thanks to (5.16). We
remark that in order to apply [BL20a, Proposition 5.24], it suffices to verify that
both Λf(Γac)-modules H˜
1
f (GK,Σ,T
†
f,χac
; ∆Gr) and H˜
2
f (GK,Σ,T
†
f,χac
; ∆Gr) are torsion
(which then ensures the non-degeneracy of the height pairing hNek
f,χac
). We have
checked the latter above and the fact that H˜1f (GK,Σ,T
†
f,χac
; ∆Gr) is torsion follows
from this and the global Euler–Poincaré characteristic formulae.
Theorem 5.3.11(ii) together with (5.18) combined with (5.14) and the fact that
πac(L
†
p(f/K⊗χ)) = L
†
p(f/K⊗χac) (which follows from definitions) conclude the proof
of (5.15). 
5.3.6. Anticyclotomic main conjectures: indefinite/inert case. We re-
tain the notation and hypotheses of §5.3.4. As in the previous subsection, let us
write Nf = N
+N− but assume (in contrast with the previous subsection) that N−
is a square-free product of even number of primes (the adjective “indefinite” is in
reference to this condition). In this scenario, we have
(5.19) ε(f(κ)/K ⊗ ψ, (κ+ kg + 1)/2) = −1 (κ > kg)
for all crystalline specialization f(κ) and crystalline Hecke characters ψ (c.f. §5.3.1
to recall our conventions) with infinity type (0, kg + 1) verifying kg < κ. Here,
ε(f(κ)/K⊗ψ, s) is the global root number for the Rankin–Selberg L-function L(f(κ)×
θ(ψ), s) = L(f(κ)/K , ψ, s); c.f. [Jac72, §15] (see also [BDP13, §4.1] for a detailed
summary which we rely on in the present discussion). We further remark that
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s = (κ + kg + 1)/2 is the central critical point. In particular, the L-function
L(f(κ)× θ(ψ), s) vanishes to odd order at its central critical point.
In the complementary scenario where kg > κ, we have
(5.20) ε(f(κ)/K ⊗ ψ, (κ+ kg + 1)/2) = +1 (κ < kg)
for all crystalline specialization f(κ) and crystalline Hecke characters ψ whose in-
finity type (0, kg + 1) verifies kg > κ (c.f. the discussion in [BDP13], Page 1036).
One may recast (5.19) and (5.20) in terms of anticyclotomic characters as fol-
lows: For all crystalline specialization f(κ) and crystalline anticyclotomic Hecke
characters ψ with infinity type (m−κ/2, κ/2−m) and conductor coprime to NfDK
we have
(5.21)
(−1)
ords=κ
2
L(f(κ)/K ,ψ,s) = ε(f(κ)/K ⊗ ψ, κ/2) =
{
−1 (0 < m < κ)
+1 (m < 0)
Definition 5.3.16. Given A ∈ ΛO(ΓK), let us put r(A) := ord(γ+−1)A. For
any r ≤ r(A), we define the rth derivative ∂rcycA ∈ Λf(Γac) of A on setting ∂
r
cycA :=
πac((γ+ − 1)−rA) .
If I = (A) is a principal ideal, we set r(I) = r(A) and define the ideal ∂rcyc I :=
(∂rcycA) ⊂ Λf(Γac).
We shall write ∂cyc alone in place of ∂
1
cyc.
Definition 5.3.17. We set
r(f, χac) := rankΛf(Γac) H˜
1
f (GK,Σ,T
†
f,χac
; ∆Gr)
r(f, χ) := r
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
)
.
Proposition 5.3.18. We have rankΛf(Γac) H˜
2
f (GK,Σ,T
†
f,χac
; ∆Gr) = r(f, χac) and
(5.22) r(f, χac) ≤ r(f, χ) .
with equality if and only if the height pairing hNek
f,χac
is non-degenerate.
Proof. The first equality is a consequence of the Euler-Poincaré characteristic
formula. The inequality (5.22) follows from the first equality combined with the
control theorem for Nekovář’s extended Selmer groups (c.f., [Nek06], Corollary
8.10.2). It remains to prove the asserted criterion for equality.
It follows from [Nek06, Proposition 11.7.6(vii)] that
lengthΛf(ΓK)(γ+−1)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)(γ+−1)
)
≥ lengthΛf(Γac)(0)
(
H˜1f (GK,Σ,T
†
f,χac
; ∆Gr)(0)
)(5.23)
with equality if and only if the height pairing hNek
f,χac
is non-degenerate. Thence,
r(f, χ) = lengthΛf(ΓK)(γ+−1)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)(γ+−1)
)
(5.23)
≥ lengthΛf(Γac)(0)
(
H˜1f (GK,Σ,T
†
f,χac
; ∆Gr)(0)
)
= rankΛf(Γac)
(
H˜1f (GK,Σ,T
†
f,χac
; ∆Gr)
)
= r(f, χac)
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(where the first and the final two equalities follows from definitions) with equality
if and only if the height pairing hNek
f,χac
is non-degenerate. 
Remark 5.3.19. One expects that the height pairing hNek
f,χac
is always non-degenerate
(equivalently, Regf,χac 6= 0); see [Bur15, BD20] for progress in this direction (in a
setting that unfortunately has no overlap with the scenario we have placed ourselves
in).
Our main result in §5.3.6 is Theorem 5.3.20 below, which is a partial Λf(Γac)-
adic BSD formula.
Theorem 5.3.20. Suppose χ is a ring class character such that χ̂|GQp
6= χ̂c|GQp
.
Assume that the following conditions hold true.
• ρf is absolutely irreducible.
• p ≥ 7 and the condition (Full) holds true.
• (Bdds(ψ)) is valid.
Then:
i) ord(γ+−1) L
†
p(f/K ⊗ χ) ≥ 1.
ii) The following containment (partial Λf(Γac)-adic BSD formula for the family f/K⊗
χac) is valid:
(5.24)
∂r(f,χac)cyc L
†
p(f/K ⊗ χ) ∈ Regf,χac · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
tor
)
⊗Zp Qp .
We recall that by Corollary 3.2.4, the condition (Bdds(ψ)) holds true granted
the existence of a rank-2 Euler system that the Perrin-Riou philosophy predicts.
Proof of Theorem 5.3.20.
i) Using the interpolation properties of the p-adic L-function LRSp (f/K ⊗ χ) and
the definition of L†p(f/K ⊗ χac) (c.f. Definition 5.3.13(i)) and (5.21), it follows that
L†p(f/K ⊗ χac)(κ, χ̂ψ) =˙L(f/K , ψ, κ/2) = 0
(where a=˙b means a = cb for some c ∈ Cp) for all crystalline specializations f(κ)
and anticyclotomic (not necessarily crystalline) Hecke characters ψ of infinity type
(m− κ/2, κ/2−m) with 0 < m < κ . This shows that L†p(f/K ⊗ χac) = 0, which is
equivalent to the assertion in this part of our theorem.
ii) If we combine Theorem 5.3.11(ii) with (5.14) and the definition of the twisted
p-adic L-function L†p(f⊗ χ), we reduce to proving that
∂r(f,χac)cyc charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι
)
⊂ Reg
f,χac · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
tor
)
⊗Zp Qp .
(5.25)
If r(f, χ)  r(f, χac), we have
∂r(f,χac)cyc charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι
)
= 0 = Regf,χac
where the second equality follows from Proposition 5.3.18. In other words, (5.25)
trivially holds true when r(f, χ) 6= r(f, χac).
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We will therefore assume in the remainder of our proof that r(f, χ) = r(f, χac).
We contend that
∂r(f,χ)cyc charΛf(ΓK)
(
H˜2f (GK,Σ,T
†
f,χ; ∆Gr)
ι
)
⊂ Regf,χac · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
tor
)
⊗Zp Qp .
(5.26)
We will verify (5.26) using [BL20a, Proposition 5.24], which is a simplification of
Nekovář’s result [Nek06, §11.7.11]. To apply Proposition 5.24 in [BL20a], we need
to check that the following properties hold true.
(1) The height pairing hNek
f,χac
is non-degenerate.
(2) The Tamagawa factors denoted by Tamv(T
†
f,χac
, P ) in [BL20a] (c.f.Definition
5.21 in op. cit.) vanish for every height-one prime P of Λf(Γac).
(3) For i = 0, 3, we have H˜if (GK,Σ,T
†
f,χ; ∆Gr) = 0 = H˜
i
f (GK,Σ,T
†
f,χac
; ∆Gr).
(4) Both Λf(ΓK)-modules H˜
1
f (GK,Σ,T
†
f,χ; ∆Gr) and H˜
2
f (GK,Σ,T
†
f,χ; ∆Gr) are
torsion.
The first property holds thanks to Proposition 5.3.18 (since r(f, χ) = r(f, χac)). The
second property follows from [Nek06, Corollary 8.9.7.4] applied with T = T†
f,χ and
Γ = Γac. The third property is immediate thanks to our running assumptions, which
guarantee that the residual representation T
†
f,χ (= T
†
f,χac) is absolutely irreducible.
The final property is Theorem 5.3.12 combined with (5.14). This completes the
proof. 
Remark 5.3.21. In the situation of Theorem 5.3.20, one expects that
ord(γ+−1) L
†
p(f/K ⊗ χ)
?
= 1
?
= r(f, χac) .
In the setting where the prime p splits in K/Q, the second expected equality follows
from [BL18, Theorem 3.15]. When the prime p splits in K/Q, one could also utilize
[BL18, Theorem 3.30] to show that the first expected equality holds if and only if
Regf,χac 6= 0.
Corollary 5.3.22. In the setting of Theorem 5.3.20, suppose in addition that
r(f, χac) ≥ 1. Then,
(5.27) ∂cycL
†
p(f/K ⊗ χ) ∈ Regf,χac · charΛf(Γac)
(
H˜2f (GK,Σ,T
†
f,χac
; ∆Gr)
ι
tor
)
⊗Zp Qp .
Proof. Combining Proposition 5.3.18 and Theorem 5.3.11(ii) together with
(5.14) and the definition of the twisted p-adic L-function L†p(f⊗ χ), it follows that
∂cycL
†
p(f/K ⊗ χ) = 0 if r(f, χac)  1; and hence, there is nothing to prove when
r(f, χac)  1. We have therefore reduced to proving (5.27) when r(f, χac) = 1, and
this is precisely (5.24) in this case. 
The containment (5.27) is in line with Perrin-Riou’s anticyclotomic main con-
jectures. Based on the recent work of Andreatta and Iovita [AI20], it seems that
the necessary tools to prove that r(f, χac) ≥ 1 might be available. We discuss this
point in the following remark.
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Remark 5.3.23. Suppose that we are in the setting of Theorem 5.3.20. If
r(f, χac) = 0, it follows from control theorems for Selmer complexes that there ex-
ists Nf ∈ Z+ such that H˜1f (GK,Σ,Tf,ψ(−κ/2);∆Gr) = 0 for all crystalline anticy-
clotomic Hecke characters ψ of infinity type (−a, a) with a > Nf and such that
χ̂ψ factors through ΓK . This implies (again by the control theorems for Selmer
complexes) that for each ψ as above, there exists another constant Mf,ψ such that
H˜1f (GK,Σ, Tf(κ),ψ(−κ/2);∆Gr) = 0 for all (classical) crystalline weights κ > Mf,ψ.
In light of the recent work of Andreatta and Iovita [AI20] towards Bertolini–
Darmon–Prasanna type formulae in the inert case, one expects5 that
rank H˜1f (GK,Σ, Tf(κ),ψ(−κ/2);∆Gr) ≥ 1 ,
for κ≫ 0, which would contradict the discussion above and prove that r(f, χac) ≥ 1.
In other words, granted a slight extension of the work of Andreatta–Iovita (which we
expect to be established in the near future), the containment (5.27) in Perrin-Riou’s
anticyclotomic main conjecture is valid.
Remark 5.3.24. Suppose that we are still in the setting of Theorem 5.3.20. We
will explain how an improvement of Hsieh’s generic non-vanishing result6 [Hsi14,
Theorem C] can be used to prove the opposite containment (to what we have dis-
cussed in Remark 5.3.23) r(f, χac) ≤ 1.
Suppose that the following non-vanishing statement (in the flavor of those
proved in [Gre85]) holds true: There exist a crystalline specialization f(κ) and
infinitely many crystalline anticyclotomic Hecke characters ψ of infinity type (m−
κ/2, κ/2−m) such that L(f(κ)/K , ψ, κ/2) 6= 0 (necessarily with m < 0). One ex-
pects that this is valid for any κ. We can then prove using [LZ16, Theorem 8.1.4]
that the Bloch–Kato Selmer group H1FBK(K,Tf(κ),ψ(−κ/2)) vanishes. Moreover, it
is easy to see that
rank H˜1f (GK,Σ, Tf(κ),ψ(−κ/2);∆Gr) − rankH
1
FBK(K,Tf(κ),ψ(−κ/2)) ≤ 1 .
This in turn shows that rank H˜2f (GK,Σ, Tf(κ),ψ(−κ/2);∆Gr) ≤ 1 for all κ and ψ as
above. By the control theorems for Selmer complexes, we conclude that r(f, χac) ≤ 1.
5One could even prove this once the p-adic L-functions of [AI20] are interpolated as the
eigenform f varies in a Hida family.
6This result asserts in our set up that given a crystalline anticyclotomic Hecke character φ of
infinity type (m−κ/2, κ/2−m) and for which φ̂ factors through ΓK , we have L(f(κ)/K , ηφ, κ/2) 6=
0 for all but finitely many characters η of Γac, under the additional requirement that all local root
numbers of f(κ)/K ⊗ φ are +1 at every place of K.

APPENDIX A
A divisibility criterion in regular rings
Suppose R is a complete local regular ring of dimension n + 2 (n ≥ 1) and
with mixed characteristic (0, p). Let m denote its maximal ideal. Assume that
x0, x1, · · · , xn is a regular sequence in R such that p 6∈ (x0, x1, · · · , xn). Let (̟) ⊂
R denote the unique height-one prime of R that contains p. The injective ring
homomorphism
ι0 : Zp[[x0]] −→ R
endows R with the structure of a flat R0 := Zp[[x0]]-module.
Suppose that F,G ∈ R are two non-zero elements with the following properties:
a) ̟ ∤ FG.
b) x0 ∤ F .
c) There exists a collection of irreducible elements {fi}∞i=1 ⊂ Zp[[x0]] which
are pairwise coprime, with the property that the image of G under the
natural map
R −→ R/(fi, F ) = R0/R0fi
⊗
ι0:R0 →֒R
R/(F )
is zero. Here and also below, we write x in place ι0(x) for x ∈ R0.
Proposition A.0.1. If F and G are as above, then F divides G over R.
Proof. For each positive integer n, let us define gn := f1 · · · fn, so that we
have Rgn+1 ( Rgn =: bn.
Observe that we have an injection
R0/R0gn →֒
n∏
i=1
R0/R0fi
for each positive integer n. Since we assumed x0 ∤ F and ̟ ∤ F , and since R is a
UFD, it follows that R/(F ) is flat as an R0-module. Thence, we have an injection
R/(gn, F ) = R0/R0gn
⊗
ι0:R0 →֒R
R/(F ) →֒
n∏
i=1
(
R0/R0fi
⊗
ι0:R0 →֒R
R/(F )
)
=
n∏
i=1
R/(fi, F ) .
This injection together with property (c) above shows that G ∈ (gn, F ) for every
positive integer n.
We will next prove that ∩n (gn, F ) = (F ) and this will conclude the proof of
our proposition.
To that end, suppose a ∈ ∩n (gn, F ), so that for every positive integer n,
there exists rn, sn ∈ R with a = rngn + Fsn. We first prove that the sequence
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sn converges m-adically. Since the ring R is complete with respect to the m-adic
topology, it suffices to prove that {sn} is a Cauchy sequence. Suppose we are given
any positive integerM . According to [Che43, Lemma 7], there exists N ∈ Z+ with
gn ∈ mM for all n ≥ N . This in turn means that
(sn − sm) · F = rmgm − rngn ∈ m
M
for every n,m > N . This concludes the proof that the sequence {sn} is Cauchy,
and therefore convergent. Let us put s := lim
n→∞
sn ∈ R. The lemma of Chevalley
also shows that lim
n→∞
gn = 0, and in turn also that
a = lim
n→∞
a = lim
n→∞
rngn + Fsn = lim
n→∞
rngn + lim
n→∞
Fsn = Fs
concluding the proof that a ∈ (F ). This shows that ∩n (gn, F ) ⊂ (F ), and in turn
also ∩n (gn, F ) = (F ), as required. 
APPENDIX B
p-adic Rankin–Selberg L-functions and universal
deformations
In this appendix, we will go over the work of Loeffler’s recent work [Loe20,
§4], where he constructs p-adic Rankin–Selberg L-functions and extend it slightly
to cover the case of minimally ramified universal deformation representation.
We make crucial use of Loeffler’s construction to study h/K ⊗ χ where h/K is
the base change of a p-ordinary p-stabilized cuspidal eigenform h to the imaginary
quadratic field K where p is inert and χ is a ray class character of K.
To be more precise, let us put K(p∞) = ∪nK(pn), where K(pn) is the ray class
extension modulo pn. Let us also set Hp∞ := Gal(K(p
∞)/K). In this scenario,
one is interested in the theta-series θ(χψ), as ψ ranges over Hecke characters whose
p-adic avatars ψ̂ give rise to (via global class field theory) a character of Hp∞ .
These are CM forms, which are non-ordinary at p (since p is inert in K/Q). It is
easy to see that the eigencurve cannot contain families of CM forms; c.f. [CIT16,
Corollary 3.6]. This is due to the fact that slope of any non-ordinary CM form of
weight k is at least (k− 1)/2, so the refinements of θ(χψ) cannot be contained in a
finite slope family. All this tells us that the p-adic L-function which can have any
bearing to our situation cannot descend from a construction over the eigencurve.
In other words, one should work instead over the universal deformation space.
Indeed, in contrast to [CIT16, Corollary 3.6], one can interpolate the Ga-
lois representations
{
IndK/Qχψ
}
ψ
to a p-adic family of Galois representations
IndK/QχΨ, where Ψ is the tautological (universal) p-adic Hecke character, which is
given as the compositum
GK −→ Hp∞ −→ ΛO(Hp∞)
× .
Loeffler’s work [Loe20] gives rise to a p-adic L-function
(B.1) LRSp (f/K ⊗Ψ) ∈
1
Hf
ΛO(Hp∞)
(where Hf is the congruence number of f , in the sense of Hida). To be more
precise, in order to obtain the p-adic L-function Lp(f/K ⊗ Ψ) above, one in fact
first constructs a p-adic L-function
(B.2) LRSp (f/K ⊗Ψ) ∈
1
Hf
Λf ⊗̂ΛO(Hp∞),
(where f is the unique Hida family through f and Hf is Hida’s congruence ideal)
and specializes f to f .
In this appendix, we review (and slightly extend, along the lines of the sugges-
tion in [Loe20, §5.1]) Loeffler’s construction in a setting just a tad more general
than what is required to obtain the p-adic L-function in (B.2) (we still work under
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a simplifying “minimality” condition). All results herein are due to Loeffler (but
mistakes are ours) and we claim no originality.
B.1. The set up
We let F denote the residue field of O (where O is the ring of integers of a finite
extension L of Qp, as in the main body of this article) and let ρ : GQ → GL2(F)
be a two-dimensional, odd, irreducible Galois representation. It is known (thanks
to Khare–Wintenberger) that ρ is modular. We assume in addition the following
conditions.
(ρ1) The restriction ρ|GQ(µp) of ρ to GQ(µp) is irreducible.
(ρ2) Either ρ|GQp is irreducible, or else if we have
ρs.s. = χ1,p ⊕ χ2,p
for the semisimplification of ρ, then χ1,p/χ2,p is different from 1 or ω
±1,
where ω is the Teichmüller character giving the action of GQp on µp.
We let N denote the Artin conductor of ρ; this is a positive integer coprime to p.
Remark B.1.1. In applications, we shall set ρ = ρg, where g is the non-
ordinary newform in the main body of the present article and the integer N will be
the level Ng of g. In other words, whenever we refer to Appendix B, we will assume
that g is minimally ramified at all primes dividing Ng, in the sense of [Dia97, §3].
It should be possible to relax this assumption, but we will content to work under this
assumption since it covers our case of interest when g arises as the θ-series of a
Hecke character of an imaginary quadratic field where p is inert.
Example B.1.2. Let K be an imaginary quadratic field as above where p re-
mains inert and let χ be a ray class character of K as in §5.3.33, of conductor pfχ.
We shall always assume that both the order of χ and fχ are coprime to p.
For applications towards Iwasawa main conjectures for f/K ⊗ χ and f/K ⊗ χ
(where f and f are as in the main body of this article), we shall take ρ := IndK/Qχ.
As in §5.3.3, we shall assume that
(non-Eis) χ|GQ
p2
6= χc|GQ
p2
, where c is the generator of Gal(K/Q)
and χc(σ) = χ(cσc−1) .
Let us also put N = |DK/Q|NK/Qfχ, where DK/Q is the discriminant of K/Q.
i) We explain that ρ = IndK/Qχ verifies the hypothesis (ρ1). First of all, since p
doesn’t divide the order of χ, it follows from the condition (non-Eis) that
(B.3) χ 6= χc .
Let us set H1 := GK , H2 := GQ(µp) and G = GQ. Observe that both H1 and H2
are normal subgroups of G. Since K and Q(µp) are linearly disjoint, it follows that
H1H2 = G and H1 ∩H2 = GK(µp). Moreover, c lifts canonically to a generator of
Gal(Q(µp)/K(µp)) = H2/H1 ∩ H2, which we still denote by c. This discussion is
3Except that in this appendix, we denote the Galois character that one associates to χ also
by χ, rather than χ̂.
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summarized in the following diagram.
Q
H1∩H2
K(µp)
H2/H1∩H2=〈c〉
❍❍
❍❍
❍❍
❍❍
❍
H1/H1∩H2
③③
③③
③③
③③
③
K
G/H1=〈c〉 ❊❊
❊❊
❊❊
❊❊
❊❊
Q(µp)
G/H2
✉✉
✉✉
✉✉
✉✉
✉✉
Q
Then by Mackey theory, we have an isomorphism
ρ|H2 = Ind
H2
H1∩H2
χ
which is irreducible thanks to (B.3) and because H2/H1∩H2 is generated by c. This
concludes the proof that (ρ1) holds true.
ii) The condition (ρ2) holds true thanks to our running hypothesis (non-Eis) to-
gether with our assumption that the order of χ is prime to p.
B.2. The minimally ramified universal deformation representation
Let us fix a representation ρ as in §B.1. We let S denote the set of places of
Q consisting of the archimedean place and all primes dividing Np and set GQ,S :=
Gal(QS/Q), the Galois group of the maximal extension QS of Q unramifed outside
S. In what follows, we shall consider ρ as a representation of GQ,S .
Our summary in this subsection is essentially identical to the discussion in
[Loe20, §3] (where N = 1), since we will only consider minimally ramified defor-
mations.
Definition B.2.1.
i) We let R(ρ) denote the minimally ramified universal deformation ring of ρ, parametriz-
ing deformations of ρ to GQ,S-representations to complete local Noetherian O-
algebras with residue field F which are minimally ramified at primes dividing N
in the sense of [Dia97, §3]. We put
ρuniv : GQ,S −→ GL(V (ρ)
univ) ∼= GL2(R(ρ))
to denote the minimally ramified universal deformation representation. We set
X(ρ) := SpfR(ρ) and call it the minimally ramified universal deformation space.
ii) If g is a classical newform of level Nps for some non-negative integer s such that
ρg = ρ, then ρg determines a Qp-valued point of X(ρ). Such points of the minimally
ramified universal deformation space will be called classical.
iii) We say that a Qp-valued point of X(ρ) is nearly-classical of weight k if the said
point corresponds to the Galois representation ρ for which we have ρ ∼= ρg ⊗ χtcyc
for some (uniquely determined) classical newform g of weight k as in (ii) and (a
uniquely determined) integer t.
Proposition B.2.2. For any integer k ≥ 2, the nearly-classical points of weight
k are Zariski-dense in the minimally ramified universal deformation space.
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Proof. The proof of Proposition 3.5 in [Loe20] applies verbatim (except that
one needs to work with the spaces Sk(Γ1(Np
s)) in the present set up) to deduce the
required statement as a consequence of a fundamental result due to Böckle [Böc01]
and Emerton [Eme11, Theorem 1.2.3]. 
Definition B.2.3. Let us write det ρ = ǫ
(N)
ρ ǫ
(p)
ρ , where ǫ
(N)
ρ (resp., ǫ
(p)
ρ ) is a
character of conductor N (resp., of conductor p). We let ǫ := GQ,S → W (F)× →֒
O× denote the Teichmüller lift of ǫ
(N)
ρ to the Witt vectors W (F) of F.
i) We let k : Z×p →R(ρ)
× denote the character which is characterized by the property
that det ρuniv = ǫχk−1cyc .
ii) We let {tn}p∤n ⊂ R(ρ) be the sequence determined via the formal identity∑
p∤n
tnn
−s =
∏
ℓ 6=p
det
(
1− ℓ−sFrob−1ℓ |(V (ρ)
univ)Iℓ
)−1
.
We set
G
[p]
ρ :=
∑
p∤n
tnq
n ∈ R(ρ)[[q]] .
B.3. Hida families
Let f ∈ Skf+2(Γ1(Nf ), εf ) be a cuspidal newform which admits a p-ordinary
p-stabilization fα ∈ Skf+2(Γ1(Nf )∩ Γ0(p), ε
(p)
f ), as in the main body of our article
(where ε
(p)
f is the non-primitive Dirichlet character modulo Nfp associated to εf ).
Also as before, we let f ∈ Sord(Nf ,Λ) denote the unique primitive Λ-adic
ordinary eigenform of tame level Nf which admits fα as a specialization, where
Λ = Zp[[Z
×
p ]] is the weight space. We choose a generator Hf of the congruence
module Hida has associated to f in [Hid88, §4].
Mimicking Hida’s construction in [Hid88, (7.5)], we define
(B.4) λf : S
ord(Nf ,Λ)⊗Λ Λf
<1f, >−−−−→
1
Hf
Λf ,
where 1f ∈ hord(Nf ) ⊗Λ Frac(Λf) is the idempotent that Hida in op. cit. denotes
by 1Frac(Λf) (and h
ord(Nf ) is Hida’s universal Hecke algebra of tame level Nf ),
which corresponds to the choice of the primitive form f as a branch of the space
of the universal ordinary branch with tame level Nf , and where the pairing < , >
is the one given in [Hid88, (7.3)]. Note that the image of λf a priori lands in
Frac(Λf), since a priori 1f ∈ hord(Nf ) ⊗Λ Frac(Λf). However, Hida explains that
by the very definition of the congruence ideal in [Hid88, (4.3)], it follows that
Hf · 1f ∈ hord(Nf )⊗Λ Λf. For any integer M divisible by Nf and coprime to p, we
will write λ
(M)
f
for the compositum
(B.5) λ
(M)
f
: Sord(M,Λ)⊗Λ Λf
trMNf
−−−→ Sord(Nf ,Λ)⊗Λ Λf
λf−→
1
Hf
Λf
where trMNf is the trace map.
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B.4. p-adic Rankin–Selberg L-function
Let ρ : GQ,S → GL2(F) be as in §B.1 and recall that N denotes its Artin
conductor and ρuniv its minimal universal deformation. We also fix f and f as in
§B.3, with the additional assumption that gcd(Nf , Ng) = 1. Following [Loe20, §4],
we will define a p-adic Rankin–Selberg L-function
Lp(ρf ⊗ ρ
univ) ∈
1
Hf
Λf ⊗̂R(ρ).
Note that thanks to this simplification together with the minimality condition on
the deformation problem we consider on ρ, the bad primes require no additional
treatment.
Let us put M = NNf . We enlarge O so that it contains Mth roots of unity.
We set ζM := ι(e
2π/M ) where we recall that ι : C→ Cp is the isomorphism we have
fixed at the start of this article.
Definition B.4.1. Consider the universal p-depleted Eisenstein series
E
[p]
k :=
∑
p∤n
n≥1
(∑
dk−1
(
ζdM + (−1)
kζ−dM
))
qn ∈ R(ρ)[[q]] .
We define the p-adic Rankin–Selberg L-function Lp(ρf ⊗ ρuniv) on setting
Lp(ρf ⊗ ρ
univ) := λ
(M)
f
(
eord
(
G
[p]
ρ · E
[p]
k
))
.
The p-adic L-function Lp(ρf⊗ ρuniv) interpolates the critical values of Rankin–
Selberg L-series. We formulate this as a statement which relates Lp(ρf ⊗ ρ
univ) to
the “geometric” p-adic L-functions of Loeffler and Zerbes, which we have recalled
in §3.1. For a more “honest” version of the interpolation property in a particular
case of interest involving the special values of the Rankin–Selberg L-series, see
Theorem B.4.5.
Theorem B.4.2. Suppose g ∈ X(ρ)(L) be an L-valued classical point. Then
Lp(ρf ⊗ ρ
univ)(g) = Lgeop (f, g) .
Proof. This is immediate thanks to the interpolation properties of both sides,
which one obtains via the Rankin–Selberg integral formulae, c.f. [Loe18, Propo-
sition 2.10]. The theorem is proved in a manner similar to [Loe18, Theorem 6.3];
see also [Loe20, Theorem 4.5]. 
B.4.1. p-adic L-functions over an imaginary quadratic field where p
is inert. In this paragraph, we specialize to the setting of Example B.1.2. To that
end, we let K be an imaginary quadratic field as above where p remains inert and
let χ be a ray class character of K of conductor fχ. Let us put N = |DK/Q|NK/Qfχ,
where DK/Q is the discriminant of K/Q.
We assume that
• the order of χ and fχ are coprime to p;
• The non-Eisenstein hypothesis (non-Eis) holds true.
We will consider the representation ρ := IndK/Qχ. Recall that we have checked
in Example B.1.2 that ρ verifies the hypotheses (ρ1) and (ρ2) so that the general
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theory in §B.2 applies and gives rise to the p-adic L-function
Lp(ρf ⊗ ρ
univ) ∈
1
Hf
Λf ⊗̂R(ρ).
Let K∞ ⊂ K(p∞) denote the maximal Zp-power extension of K and put ΓK :=
Gal(K∞/Q). Consider the tautological character
Ψ : GK ։ ΓK →֒ ΛO(ΓK)
× .
Observe that
ρΨ := IndK/Q χΨ : GQ → GL2(ΛO(ΓK))
is a representation of GQ with coefficients in the complete local Noetherian O-
algebra ΛO(ΓK). Moreover, ρΨ is lifts ρ and it is evidently minimally ramified. By
the universality of ρuniv, there exists a unique homomorphism of local rings
(B.6) πΨ : R(ρ) −→ ΛO(ΓK) with ρΨ = ρ
univ ⊗πΨ ΛO(ΓK) .
Definition B.4.3. We set
LRSp (f/K ⊗ χΨ) := πΦ
(
Lp(ρf ⊗ ρ
univ)
)
∈
1
Hf
Λf ⊗̂ΛO(ΓK) .
We will conclude this appendix recording an interpolative property that char-
acterizes the p-adic L-function LRSp (f/K ⊗ χΨ). Before that, we define the relevant
collection of Hecke characters for the said interpolation formula.
Definition B.4.4. Given a Hecke character ψ of K, let us write ∞(ψ) ∈ Z2
for the infinity-type of ψ. For any integer k ≥ −1, we put
Σ
(1)
crit(k) := {Hecke characters ψ of K :∞(ψ) = (ℓ1, ℓ2) with 0 ≤ ℓ1, ℓ2 ≤ k} .
Theorem B.4.5. Let κ ≥ 0 be an integer such that κ ≡ kf mod (p − 1) and
let f(κ) denote the unique specialization of f of weight κ + 2 which is p-old. We
put f◦(κ) ∈ Sκ+2(Γ1(Nf )) for the newform whose p-ordinary p-stabilization is f(κ).
We write α(κ) for the Up-eigenvalue on f(κ) and put β(κ) := p
κ+1εf(p)/α(κ).
Let ψ ∈ Σ
(1)
crit(κ) be a Hecke character whose associated p-adic Galois character ψ̂
factors through ΓK and is crystalline at p. Then,
LRSp (f/K ⊗ χΨ)(f(κ), ψ) =
(
1− α(κ)−2χψ(p)
) (
1− p−2β(κ)2χ−1ψ−1(p)
)
(1− β(κ)/pα(κ)) (1− β(κ)/α(κ))
×
iκ+1−ℓ1+ℓ2M1+ℓ1+ℓ2−κℓ1!ℓ2!
2ℓ1+ℓ2+κπℓ1+ℓ2
×
L(f(κ)/K , χ
−1ψ−1, 1)
8π2〈f◦(κ), f◦(κ)〉Nf
.
Proof. This follows on translating the interpolation formula for Lp(ρf⊗ρuniv)
that we alluded to above in the proof of Theorem B.4.2. 
Remark B.4.6. One may give a direct construction of LRSp (f/K ⊗ χΨ), with-
out going through the minimally ramified universal deformation ρuniv. We briefly
outline this alternative construction in this remark.
Let us write K(fχp
∞) = ∪nK(fχpn) denote the ray class extension of K modulo
fχp
∞. We let Hfχp∞ := lim←−n
Hfχpn denote the ray class group modulo fχp
∞, which
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we identify with Gal(K(fχp
∞)/K) via the geometrically normalized Artin reciprocity
map A. Let us write
Hfχp∞ = ∆×H
(p)
fχp∞
where ∆ is a finite group and H
(p)
fχp∞
∼= Z2p, so that A(H
(p)
fχp∞
) = ΓK . Given b ∈
Hfχp∞ , we write [b] ∈ ΛO(ΓK)
× for the image of b under the compositum
Hfχp∞ −→ H
(p)
fχp∞
A
−→ ΓK →֒ ΛO(ΓK)
× .
We define the p-depleted universal θ-series for the branch character χ on setting
G[p]χ :=
∑
b<OK
(b,p)=1
χ(b)[b]qNb ∈ ΛO(ΓK)[[q]] .
If one uses G
[p]
χ in Definition B.4.1 in place of G
[p]
ρ , one obtains the p-adic L-function
LRSp (f/K ⊗ χΨ).

APPENDIX C
Images of Galois representations attached to
Rankin–Selberg convolutions
In this appendix, we study the hypotheses (τf⊗g) and (τf⊗g) when g = θ(ψ) is
a crystalline CM form, and provide sufficient conditions for their validity. It will
be clear to reader that our arguments here draw greatly7 from the earlier works
[Fis02, Hid15, Lan16, Loe17, CLM20] on the subject.
Throughout this appendix, we assume that p ≥ 7.
C.1. Group theory
Let R be a complete local ring with finite residue field and residue characteristic
p. Let m denote the maximal ideal of R and F := R/m its residue field.
Lemma C.1.1. There is a unique maximal normal subgroup N0 of SL2(R), and
the quotient group SL2(R)/N0 is isomorphic to PSL2(F). In particular, the quotient
SL2(R)/N0 is non-solvable.
Proof. The argument we record here was suggested to us by Jackie Lang.
For an ideal J ⊳ R we let GC(J) denote the set of all the matrices in GL2(R)
which reduce to a scalar matrix modulo J . We also let SC(J) denote the matrices
of determinant 1 that reduce to the identity matrix modulo J .
It follows from [Kli61, Theorem 3(ii)] that if N is a proper normal subgroup
of SL2(R), then there is an ideal J(N) ⊳ R such that
SC(J(N)) ⊂ N ⊂ GC(J(N)) ∩ SL2(R) .
Note that since N is not equal to SL2(R) and N contains SC(J(N)), it follows that
the ideal J(N)⊳R must be a proper ideal and hence, it is contained in the maximal
ideal m of the local ring R. N is therefore contained in the subgroup
GC(m) ∩ SL2(R) ⊃ GC(J(N)) ∩ SL2(R).
of SL2(R). Note that
GC(m) ∩ SL2(R) = ker (SL2(R) −→ PSL2(F)) =: N0 .
We have therefore proved that every proper normal subgroup of SL2(R) is contained
in N0, as required. 
7We would like to express our gratitude to Jackie Lang for carefully reading through this
appendix and pointing out several inaccuracies, which helped us improve our exposition drasti-
cally. In particular, we thank her for bringing the papers of Klingenberg [Kli60, Kli61] to our
attention and explaining relevant portions of the results in her joint work [CLM20] with Conti
and Medvedovsky (which lead to a significant simplification of some of our statements and proofs).
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Lemma C.1.2. Let G1 and G2 be two groups and H < G1 × G2 such that for
each i = 1, 2, the natural projection map pri : H → Gi is surjective. Suppose
in addition that G2 is solvable and G1 admits a unique proper maximal normal
subgroup N with G1/N is non-solvable. Then H = G1 ×G2.
Proof. This is an easy application of Goursat’s lemma, which we recall for
the convenience of the reader. Let H < G1 × G2 be a subgroup such that the
natural projection map pri : H → Gi is surjective (i = 1, 2). Set N2 := ker(pr1)
and N1 := ker(pr2). Let us identify N2 (respectively, N1) as a normal subgroup
of G2 (respectively, of G1). Then the image of H in G1/N1 ×G2/N2 is the graph
of an isomorphism G1/N1 ∼= G2/N2. It therefore suffices to prove that N1 = G1
(equivalently, N2 = G2) for Ni as above.
Suppose on the contrary that N1 ⊳ G1 is a proper normal subgroup. Then by
definition, N1 < N and G1/N1 admits G1/N as a quotient. In particular, G1/N1
is non-solvable. But since G1/N1 ∼= G2/N2 and G2/N2 is solvable (since G2 is).
This contradiction concludes our proof that N1 cannot be a proper subgroup, and
in turn also the proof our lemma. 
C.2. Applications to families on GL2 × ResK/QGL1
Let f be (a non-CM branch of) a Hida family as in the main body of this article
(c.f. Definition 1.5.1). We also fix a crystalline Hecke character ψ of our fixed
imaginary quadratic field K, given as in §5.3.1. We will freely use our notation
concerning f and ψ from the main text.
In particular, recall the local ring Λf, which is a module-finite flat ΛO(1+pZp)-
algebra, which we assume contains the ring of integers O of a sufficiently8 large
extension of Qp. Let us denote by k the residue field of Λf. Recall also the the
theta-series g := θ(ψ) ∈ Skg+2(Γ1(Ng), εψ), whose associated Galois representation
ρθ(ψ) giving the action on R
∗
θ(ψ) can be explicitly described as follows:
(C.1) σ
ρθ(ψ)
7−→

(
ψ̂−1(σ) 0
0 ψ̂−1(cσc−1)
)
if σ ∈ GK
(
0 ψ̂−1(σc)
ψ̂−1(cσ) 0
)
if σ ∈ GQ \GK .
Throughout §C.2 we shall assume that ρf is residually full, in the sense that
the condition
(Full) SL2(Fp) ⊂ ρf(GQ(µp∞ ))
holds true. The condition (Full) is often (but not always) satisfied.
Let us put G1 := ker (det ◦ ρf). Note that G1 is a subgroup of GQ(µp∞ ) with
finite index. If we have εf = 1 for the tame nebentype of the family f, then
G1 = GQ(µp∞ ). In general, if we let K1 := Q(εf ) denote the abelian (in fact, cyclic)
extension cut out by εf , then G1 = GK1(µp∞ ). Note also that Q(εf ) ∩ K = Q,
thanks to our assumption that (Nf , DK) = 1.
Lemma C.2.1. If (Full) holds, then in fact
SL2(Fp) ⊂ ρf(G1) .
8We do not make this precise, but it at least contains the image of ψ̂.
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Proof. Let us put G0 := GQ(µp∞ ) to ease notation. Note that G0/G1 is a finite
abelian group. In particular, the groups
SL2(Fp)
/
ρ
f
(G1) ∩ SL2(Fp) < ρf(G0)
/
ρ
f
(G1)
are abelian as well. Moreover, since ρf(G1) ∩ SL2(Fp) is a normal subgroup of
SL2(Fp) and p ≥ 7, it follows that either ρf(G1) ∩ SL2(Fp) < {±1} or else ρf(G1)
contains SL2(Fp). In the former scenario, it would follow (using the fact that
the quotient group SL2(Fp)
/
ρf(G1) ∩ SL2(Fp) is abelian) that PSL2(Fp) is abelian,
which is absurd. We therefore conclude that the latter scenario holds, which is the
assertion of our lemma. 
Let us put εψ = ηψǫK where ηψ is a Dirichlet character of conductor coprime to
pDK . We define K2 := Q(ηψ) as the field cut out by ηψ and set K
′ := K1K2. We
put G := GK′(µp∞ ). It is a normal subgroup of G1 with finite index and moreover,
the quotient G1/G is abelian (in fact cyclic, but we won’t need that).
Note that K ′ is still linearly disjoint from K(µp∞) (since the conductors of ηψ
and εf are both coprime to pDK). In particular, G 6⊂ GK(µp∞ ). We shall use this
observation crucially in the proof of Theorem C.2.4.
Lemma C.2.2. If (Full) holds, then in fact
SL2(Fp) ⊂ ρf(G ) .
Proof. The proof of this lemma is identical to that of Lemma C.2.1: One
simply replaces G0 with G1 and G1 with G everywhere in the proof. 
Proposition C.2.3. Let f be a classical specialization of f and let ρf denote
the GQ-representation giving rise to the action on R
∗
f . We then have,
ρf × ρθ(ψ)(G ) = ρf (G )× ρθ(ψ)(G ) ,
ρf × ρθ(ψ)(G ) = ρf(G )× ρθ(ψ)(G ) .
Proof. We will verify the first assertion using Lemma C.1.2 with the choices
H := ρf × ρθ(ψ)(G ), G1 := ρf (G ), and G2 := ρθ(ψ)(G ). Once we check that the
conditions of Lemma C.1.2 are satisfied with these choices, our proposition follows
at once from this lemma.
Indeed, H is clearly a subgroup of G1 × G2 and the natural projections pri :
H → Gi (i = 1, 2) are surjective. Moreover, since ρθ(ψ)(GK) is abelian, it follows
that G2 is solvable. It follows from [CLM20, Proposition 6.7] that G1 = SL2(A)
for some finite Zp-algebra A (in particular, A is a complete local ring). We can
now invoke Lemma C.1.1 to see that G1 too verifies the conditions required in
Lemma C.1.2, and thereby concludes the proof of our first assertion.
The proof of the second part proceeds in an identical manner, using the fact
that the local ring A0 = A0(ρ) given as in [CLM20, §1] with A = Λf and ρ = ρf is
a complete local ring with finite residue field9. 
9The following argument was supplied to us by Jackie Lang (and it is in part due to Anna
Medvedovsky). Lacking a specific reference, we record the proof of this claim here. We thank
Jackie Lang for explaining this argument to us and allowing us to reproduce it here.
Recall that A0(ρ) is a closed subring of Λf, which is local and pro-p. Any closed subring of
a pro-p ring is also pro-p, and hence complete (in fact more generally, any closed subgroup of a
profinite group is also profinite). This shows that A0(ρ) is pro-p (and therefore, complete). We
next explain why A0(ρ) is local. Let us put m0 := A0(ρ) ∩ m. Note then that k0 := A0(ρ)/m0
injects into k and is therefore a field. This in turn tells us that m0 is a maximal of A0(ρ) and
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Recall that εψ is the nebentype character for θ(ψ). It is a Dirichlet character
of conductor dividing |DK |Nf; see Definition 5.3.1 for its explicit description.
Theorem C.2.4. Let f be a non-CM Hida family with trivial nebentype and
suppose ψ is a crystalline Hecke character as above. Suppose that p ≥ 7 and the
condition (Full) holds true.
i) Let fα be a crystalline specialization of f, which arises as the p-stabilization of a
cuspidal eigen-newform f . Then the condition (τf⊗g) is satisfied with g = θ(ψ).
ii) The condition (τf⊗g) holds true with g = θ(ψ).
Proof. Since the proofs of both parts are very similar, we shall only provide
details for the proof of (i). Let us denote by t the natural map
GL2(O)×GL2(O) ∼= GL(R
∗
f )×GL(R
∗
θ(ψ))
t
−→ GL(Tf,θ(ψ)) ∼= GL4(O) .
We shall prove that there exist M1 ∈ ρf (G ) ⊂ GL(R∗f ) and M2 ∈ ρθ(ψ)(G ) ⊂
GL(R∗θ(ψ)) such that the minimal polynomial of t(M1,M2) equals (X−1)
2(X+1)2.
The proof of our theorem then follows from Proposition C.2.3.
As we have explained in the proof of Proposition C.2.3, the group ρf (G ) con-
tains M1 :=
(
1 1
0 1
)
. Moreover, it follows from the explicit description (C.1) of
ρθ(ψ) that the group ρθ(ψ)(G ) contains an element M2 of the form
(
0 x
x−1 0
)
for
some x ∈ O×. Indeed, for any σ ∈ G , we have
det ρθ(ψ)(σ) = ηf (σ)ǫK(σ) = ǫK(σ),
where the second equality follows from the definition of the group G . In particular,
if σ ∈ G \GK(µp∞ ), then det ρθ(ψ)(σ) = −1. (Recall our remark in the paragraph
preceding the statement of Lemma C.2.2 that G \ GK(µp∞ ) is non-empty.) Given
the description of the representation ρθ(ψ) in (C.1), it follows that ρθ(ψ)(σ) has
necessarily the required form for any σ ∈ G \GK(µp∞ ).
Note that M2 is conjugate to
(
1 0
0 −1
)
and in turn, t(M1,M2) is conjugate
to the upper triangular matrix
1 1 0 0
0 1 0 0
0 0 −1 −1
0 0 0 −1
 .
The proof of our theorem is now complete. 
it follows that A0(ρ) is a W (k0)-algebra. To complete the proof that A0(ρ) is local, we need to
verify that every element in A0(ρ)\m0 is invertible in A0(ρ). Indeed, if x ∈ m0, then 1/(1+x) is a
power series in x, hence also in A0(ρ) since A0(ρ) is closed. Thence, 1+m0 ⊂ A0(ρ)×. But every
element a ∈ A0(ρ) \m0 factors as a = um where u ∈ W (k0) (the Teichmüller representative) and
m ∈ 1 + m0. This concludes the poof of that A0(ρ) \ m0 ⊂ A0(ρ)×.
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